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PREFACE. 

To many teachers a Key to any mathematical work 
is not indispensably necessary; but most teachers find 
that class and school-room duties so fully occupy their 
time as to make a Key a great convenience; if not a 
necessity. And teachers of limited acquirements and ex- 
perience, as well as private learners, can not but find a 
Key of great service. 

In the preparation of this volume two ends have been 
constantly kept in view : Jirsty to give a full and compre- 
hensive solution of every example and problem contained 
in the New Elementary Algebra, except the most simple 
and those solved in that work ; and, second^ to give to 
those who use this Key more extended and enlarged views 
of the applications of mathematical science, by the intro- 
duction of many unique and singulai analyses and solu- 
tions. 

At the bottom of each page of this work will be found 
the number of the page of the text-book on which the 
examples and problems may be found, With this ex- 
ception, the arrangement is so plain as to require no ex- 
planation. 



KEY 

TO 

ROBINSON'S 

NEW ELEMENTARY ALGEBRA, 



ADDITION. 

(48, page 29.) 

When anj number of tenns are taken as one term in a 
vincnlum, that is, when the vinculum is the unU of addition^ 
let it be represented bj Y. 

30. Let Y ss (a + b), and the example becomes 

3aY + 7aY — 5aY + 3aY. 

The sum is 13aY less 5aY, or 8aY, which is 8a(a + b) the 
answer. 

31. Here Y = (6a? + y — z), 

and we must unite 7 Y', — 8 Y*, — 2 Y«, and 8Y*. 
The sum is lOY*, less 10Y*> equal to 0, Ans. 

32. Here Y= (6y + b), and the example requires us to 
unite IIY to — 5Y, which makes 6Y. Hence, 6(6y + b) or 
Z6y + 66, is the sum. 

(») 



g ENTIRE QUANTITIES. 

33. Here V = (2; — m). ^ 

The snm of the pins terms is 18Y, and the sum of the minii9 

terms is — 2QY, and these united, make the result — SY. 

Hence, — 8(« — m), Ana. 
In like manner we solve examples 34 and 35. 

(49, page 30.) 

0. Qab + 126(7— Sod 

— lab— 96c + Scd 

— 2ab— bbc + 12cd 
Ans. — 3a6 — 26c + led 

6. 96» — 3ac+ d 

46* — 4ac+ Id 7. lab— m"+ 5 

— 46» + 6ac+ Sd — 4a6— 5m» — 3^ 
66* — 2ac — 12d 12a6 + 14m*— z 
46* — J — 6ni* — 2g 



iln«. 186* — 3ac— 2d Ans. lbab+ 2m* — 4^ — « 

Examples 8, 9, and 10, can be added mentally. 

11. 15o*— 8Vc + 32d*c» — 126c 
— 4a* + 196*c + lla*c» + 26c 

a«_126*c — 29a*c»+ 56c 
+ 6*c+ 9a*c» — 146c 
12^* +23a*G» — 196c Ans. 

12, 5a»6* — 8a*6*+ ah/ + a:y*y 

— 7a»6* + 4a*6« + 6a;*y — Sxy" 
Sa^b" + 3a*6» — 3x*y + bay" 

— a»6* + 2a*6» — 3x*y — 3ay 

Ans. a*6* + xh/ 

(2»-8I) 



Here are 4 examples 
blended in one 



abditioh;. 7 



13, 72aaJ* —8a/ 

_38(M?*— 3ay* + 7ay« 

4-12at/* + 6a/+ 8 
_34aa?*— 9ay* — Gaj/* + 12 



uilrw. — 2ay* + 20 



14, 7a^ — 5ca? + Umg 

— Sx' + ^cx — nmg— pq 
ia?* +12mg+^pq — * 

2cx— lmg — 2pq 
Sa^ _ 2cx — rn^g — 4j?g + Sz 
Sum, lla;»— ex + mg — ^pq + 2z 

15. 7m + 3n — lip 

— llm — 9» +3a 

— 4m + 8n + 5|) 

— m + 6n + 3p 

4n8. — 9m + 8n— Sp + 3a 

Examples 16, 17, and 18 can be added mentally. 

19 6V + 2c 

— 5V + 7c 20. 2aV — 3wiz' 
3V — 4c ^V — Smz* 

4V + c 5aV + 7mz* 



Smwi, 8(m» _ n) + 6c ^n«. lla(a? — J/*) — m«' 

21. 8aa? + 2V + 36 
9aj?+6V — 96 
_ 7aa: — 8V + 66 + lla; 

An8. \Oax + llx 
(81) 



SNIISI QUANTITIi9. 

SUBTRACTION. 

(ffS, page 38.) 

20. 18aW + 11a — 5a^ + 66 
— 10aV+ 7a — 5a^ + 66 



Diff. 23aW+ 4a 

28. 2a6 + 6« — 4c + 6c— 6 

Diff. Icb—Zc +bo — b — S(^ 

24. a^ + 3yc + a6« — ofto 

ab' — abe +V 
IHff. a^ + 36«c — y 

25. 6«»y — 36x + o 



Diff. 2x'y—bbx + c — i^ 

26. 4m'— m + 2ea;— 2/> 27. So^^-O 

— 3 m'— m+ ca? + y« +8a— a? + 6 

IHf. 7m'+cx^2y' jxff. 3a*— 3a + ar— 6 

Examples 28, 29, 30, and 31, require but mental operation* 

(ff4,page89.) 
9. From 3a' — 5y 

Take 2a» — cy 

Diff. a*+(c — 6)y 

(81-89) 



MULTIPLICAtlON. 9 

LO. baca^ + 20aa^y' _ :25m 
3aca^ + 12aa^' — 20m 

Ans.* 2aca^ + %aa^y* — 5m ; 
Or, 2aa;*(c« + ^}f) — 5m 

11. (2a + 6 + c)ap B 2ax + lx + ex 
(a + b)x ■■ (UP + to 

Diff. (a + c)x sa ax + ex 

The remafadng examples in this* artiele are readilj solred 
mentally. 



MULTIPLICATION. 

(ff9, page 46.) 

8a*— 2a6 — y 
2a — 46 



6a^— 4a*6 — 2a6^ 

— 12a*6+8a6^ + 46^ 

Whole prod. 6aF — 16a«6 + 6a6^ + 4V 

7. «• — ay + y* 
« +y 

Ane. a» +y*;tliatia«* + y* 



10 SNTIBB QUANTITI£8. 

8. 8a + 4e 9. a' + a^ ~ y> 



2a — 5o 



a — y 



6a« + Sao a^+ ah/~a^ 

— 16ac — 20o* — a«y ay' + y* 

Prod 6a*— 7ac — 20o» Am. a' — 2ay» + / 

10. a« + ay + y 11. a* — ay + y« 

«— y a +y 



<^ + a^ + ay* c^ — a^y + ay" 

— ah/~ay' — i^ + a'y — ay« + y« 

Prod, c^ — j^ Prod. €^ + i^ 

12. c^ + ah/ i- ay* +i^ 
a —y 



a* + oV + ay + ay" 
— ah^ — aY'-~aj^ — y^ 



Ans. a* — y* 

18. y« — y +1 U. «« + y« 

y +1 a:" — y» 

j^ — y' + y / a?* + aV 

+ y* — y + 1 — a^y _ y* 

Prod. y» + 1 Prod, a?* — y* 
16. a» — 3a +8 



a +8 






+ Sa 

— 9a + 24 



Prod rf — a + 24 



MULTIPLIGATION. H 



16. > + 6*«» + «* 

ft« — «» 

— Vx' — Va^ — sfi 
Prod, b^— a^ 

17. a» + 26 18 j^ + «* + «* 
2a»— 46 ai» — 1 



2a* + 4o'6 «• + a^ + «* 

— 4a«6— 86« — jgi — ag* — ic' 

^»i«."2a*— 86« -4n«. «• — a" 

19. m + n 
9m — 9n 



9«i' — 9«in 

+ 9mn — 9n" 

Prod 9m» — 9n« 

20. 2a;» + a;y — 2y« 
Bar _3y 

— 6g^ — 3a?y« + 6y» 
^fw. 6j;»— 8a;*y — 9ay + 6j^ 

21 m« — 3m — 7 
m —2 



m* — 3m' — 7m 
— 2m' + 6m -r 14 
Am. m* — 5m" — m + 14 

(46 — 47) 



12 ENTIBB QUAHTlTiKS. 

22. a* - 2a'c + 4aV - 8ac' + 16c* 
a + 2c 

a» — 2a*c + 4aV — 8aV + 16ac* 

+ 2a*c — 4aV + 8aV — 16ac* + 8Jc* 

-4«c. «• + 82c» 



23. fl^ — a«* + 8« — • 
dr + 8 



+ ar« — 9i" + 9« — «T 
^nc. «* — 6«' — 27 

24 m* — m* + m* — m + 1 

m + 1 

m* — »»* + »i" — m" + m 
+ m* — m* + »»• — « + 1 

^n«. m* + 1 



25. Same as 24, except the product by m w:ll be all plu8> 
Band the product by —1, all minus, and the result is m^ — 1. 

28. 2a* 4- Sac* — 2c» 
2«* — 5a^ + 2c* 



W + lOaV — 4aV 

— lOaV — 25aV + lOflC* 

h 4aV» + 10ac» — 4c* 

Jm. 4a* — 25aV + 20ac* — 4c* 
(17) 



MULTIPLICATIOir. 18 



m' — bo 



_5cm«— 10c" 
Ans. m* — 3cm» — 10o» 

All other examples, as far as Ex. 10 on page 52, are ao 
4imple that we omit them. 

(6a, page 62.) 

10. We observe that the 1st and 8d factors are equal ; 
therefore, we square one of them mentallj, and obtain 
9«» — 6nu? + m' 
x' + m* 



9«* — 6ww»+ mV 

9a;* — 6ma» + lOmV — 6m»» -f m* 



IL 18a + 27a? 
2a + Sor 



36a' + Max Or, 4a« + 12aaj+ 9«« 

54aa: + 81a:» 9 



Ans. 36a* + 108aa? + 81a:» 86a» + 108ax + 81x" 

12. Mentally, we find the result to be 49c'd* — lOy'z*. 

Examples 18 and 14 are similar, and maj be performed 
mentally. 

(47-52) 



14 flNTIBB QUANTITIS8. 

15. We commence with the last two factors, and mentally 
we discover their product to be m' — 1. Now the product ot 
this, and the next preceding factor, we in like manner discover 
to be m^ — 1. This into the next, gives us m' — 1 ; this with 
the next, m^*— 1, and this into the last remaining factor, wi]] 
give m" — 1, Ans. 



DIVISION. 

(67, page 68). 

When all the terms in any example have a common vinculnm, 
represent it by V. 

21. Let V = a + c. 

Then we are required to divide 2aY + V* by V. The 
quotient must be 2a + V, which is 2a -f a + c, or Sa + c, Ans. 

22. 6cV — V*. Divide by V. Quot. 5c — V. 

5c 

8wi — 2c 
Diff. 7e—Sm,An9. 

23. Can now be done mentally, 

(52-68) 



DIVISION. 15 

(68, page 60.) 

2. We discover that the diyidend fa the square of the 
divisor. Hence the quotient must be V divided by V, which 
is V, or a + x. 

3. The dividend fa the cube of a — y. Hence the 
quotient is (o — y)' « a' — 2ay + j^. 

4. The dividend fa a» + 3o«6 + 3a6» + V + 2a*b + 2ab\ 
which fa (a + b)* + 2ah{a + 6), and thfa, divided hj (a + 6), 
will give, the quotient (a+by+2ab ; or a'+4a6+6', An8. 

6. «» — 3j;»z + a*(a: — 2 



2* 

«■ — SE^z a^ — 2xz — 2z' , Am, 

X — z 



— 2««2 
^2x^ + 2xz^ 

— 2xz*+ «■ 

— 2aw« + 22» 

fl^ + 2a*6 + 2a6» + ft»(a' + 06 + 6* 






7. The dividend fa the cube of a; — 3, and tUs, divided 
by a? — 3, will give the square of a? — 3; or«* — 60; + 9 for 
the quotient 

(«0) 



15 ENTIRS QUAKTITIBfl. 

8. In this example we are to diyide 6a^ — 96 bj 6d? — 12. 
Dividing each factor bj the common factor 6, and we have 
aj*_16 to divide by x — 2. 

But a;*— 16«(«*+4) («*-^). Also ««-^«(a?+2) (x—2^. 
Hence we mnst divide («■ + 4)(« + 2)(a? — 2) bj («— 2). 
The quotient is (j;* + 4)(a; + 2) ^ 3^ + 2a^ + 4x+8, Ana. 

By ike Common Method. 

(te — 12)6a;* — 96(«» + 2a;«, &c. 
&c* — 12x» 

iaB»_96 

9. Dividing bj the common factor Sa, and we have 

a— l)2a^ + 3a — 5(2a« + 2a-f 6, ilns. 
2a» — 2tf» 



2a' + 8a 
2a* — 2a 



5a — 6 
5a — 6 

10. Omitting the common factor x in each term, we have 
6x— 4)25a;* — a^ — 2a? — 8(5a:» + 4«» + 8j? + 2, Am. 
25a?» — 20a:» 

20«»— a? 
20«» — 16a:» 



15«»— a» 
15a:» — 12a? 



10a? — 8 
10a? — 8 



(60) 



DIYISIQK. 17 

II. Omimng 2, the common factor, and we hafO 
da + 26)9a» — 46»(3a — 26, Ans. 
9a' + 6a6 



— Qab — W 

— 6a6 — 46" 



12. «— 8)2x"— 19a« + 26a;— 16(2a:«— 8a; + 2, Ana. 
2a:«_16ir« 



— 3»» + 26« 

— 3a5« + 24« 



2a;— 16 
2x— 16 

18. y + l)j/' + l(y* — j/' + y' — y+1, ilfw. 
-y* + l 



2/' + l 

We perceive that the forms of y most diminish 1 each term, 
and that erery other sign is mintts. 

Hence, the quotient of j^ + 1, diyided hj y + 1, mnst be 
y^ — y^ + y"' — y'^ +y^ — y'' + y" — y^ + y''^y" 
+ 2/' — 2/» + y' — 2/' + y* — y* + 2/' — y' + y — 1. 

14. Divide y* — 1 by y — 1. The first term of the 
quotient must be y*, every term must be plus, and the powers 
must diminisl* by 1 each term. Therefore, the quotient must 
be y» + y* + y' + y' + y + l. 

2* B 



18 iLMTIRB QUANTITIES. 

16. Divide «• — a' by sr — a. The diTidend is the 
difference between two sqaares, and it ig, therefore, the pro- 
dnct of a: — a into x + a. Hence, (x + a) mast be the quo- 
tient. 

16. 8o« — 1 ) 6a» — 8a*6 — 2a + b(2a — b,Am. 
6a» —2a 



— 3a«6 + b 

— 3a«6 + b 



This divisor is obviously (y — xy, and the dividend is (y* 
— a;')*, or (y — xy (y + «?)• Therefore, the qnotient must 
be (y + xy, which is y* + 3y»a: -|- 3ya:* + a;», Ans. 

18. 8aV + 6a6*. ) 64a*6^ — 25aV ( 8a«6» — 6a6*, ^n«. 
64a*6« + 4Mb'' 

— 40a»6^ — 26a«6« 

— 40a»6» — 25a«6« 



19. a — x) 2a* — 2aJ* ( 2a» + 2a*x 
2a* — 2a«jT 



2a»a? 

Now we have the form of the quotient ; 2 will be in every 
term ; the exponent of a will diminish by 1, and that of x 
bcrease by 1; therefore, the following terms must be 2ax' 
+ 2x». 

Thus, we may divide the difference of any two even powers 
of a and at, by a — x, and write out the quotient at once. 

(W, 61) 



DIVISION. 19 

Thas, the quotient of 5a^ — 5a;^ diyided by a — x, most be 
6a» + 6a»« + 5aV + 5aV + 5a*a;* + 5a*«* + 6a^aJ« + 6oV 
+ 5aa;" + 5a;*. ^ 

The quotient commences with 5a% and ends with baf ; and 
the sum of the exponents of a and x, in each term, make 9. 
Hence, the quotient of &a" — bsf divided -by a — x, must be 
6a""* + bar^*x + ba'^x^ +, and so on to n terms. 

21. This is, (a — a:)» divided by (a — x). Whence the 
quotient is (d — x)» = a' — 2ax + «". 

22. This is the same as Ex. 13, by changing y to a 

23. This is similar to Ex. 14. 

24. 48a^— 92a«x^t0aa;»— 100x»(3a— 6x 



48a»— SOo'jp lOa'— 4fluc— 20«», AnM. 



— 12a«a?-^0o«« 
— 12o»a:+20ar« 



— 60aa;*+100a:« 
— 60(w;»+100x« 



25). 4d^— 9<P+6i— 1 ( 2cZ'+3(/— 1 

— 6<f— 7d?+6d 
_6<f— 9d'+3d 

2"er+3(^l 

(M) 



90 ENTIBB QUAKTITIES. 

26. 6ii»T.44^a?— 9oV— 3aa;«+2«* ( 2(f+% 





6af+6a*x-3tfa? M— ax—2af 




— 2<rtp— 2aV+ an? 


t 


-UoV-4aa;»+2a!' 


27. 


8««— 8aV+3a»c»+56'— SW ( o'— V 




— 6aW+56« 
— 5aV+56* 




SaV— 36V 
3aV— 3ft»o» 


28. 


« + 2y ) 2a» + 7«y + Cy* ( 2ar + 8y, ^««: 
2a!» + 4«y 

Say+ey" 
3jy + 6y» 


29 


» + 5n)2fna; + 8n«+ lOmn + 15n»(2m + 
2m« + lOmn 




8na? + 15n« 
8n« . -hlSn* 



<f*_5(Pc <P + 2c, QuoL 



2£pc— lOc" 
2(rc— 10c« 



(M) 



FACTORma 21 

81. m' — 0* +2c« — «• (_mjf£--z 

m* + cm — mz m — o + Zf QuoL 

— cm + mz — c" + 2cz 

— cm — c" + cz 



mz + cz — «■ 
mz + cz — «■ 



82, ^ + 322» ( y 4- 2z 



y* — 2y*z y* — 2y«z-+4y««" 

— 2y*z 

— 2y*z — Vz* 

4y«z« 
Now we obserye that the terms in the qaotient have a rego- 
lar law of progression. The numeral coefficients double, each 
term ; the ezponenta of y decrease by 1, and those of z, in- 
crease by 1, each term. Therefore, the two remaining terms 
must be — Syz* + 16z*. 

83 and 34. TTsing Y as already taught, these examples 
can be performed mentally. 



FACTORING. 

(87, page 71.) 

11. Factor «* — y*. When the exponents are even, and 
the two quantities are connected by the minus sign, we can 
divide the exponents by 2 ; in short, we know by 61, that two 
factors of a;* — y* are (i» + y^ (a;* — y*). In like manner, the 
factors of «■ — y» are (a? + y) (ar — y), and writing these 

(M-71). 



2S FRACTioira 

last two factors in place of their product, we bare (jx^-\r y^ 
(x + y) (x — y) for the required factors. 

12. Factor a;» — z*. Ist result (or* + z*) (a?* — 2*)., 
But by the preceding example, the factors of ai* — 2*, are 
(jp* + z*) (x + z) (x — z). These three factors written Id 
place of their product in the first result, give us (a* + «*) 

(X« + Z») (X-\'Z) (x — z). 

12 Factor m» — c*» 

Operating as before (m" + c?*) (m'^^c*). a) 

But by Ex. 12 (m" — c*) is equal (m* + c*) (m* + O 

(m 4- c) (m — c). Whence we have (w»' + c") (m* + c*^ 

(in* + c*) (m + c) (m — c). 

14. Factor c" — 1. 

Reasoning as in Ex. 13, we perceive the result at once. 

15, 16, and 17. The operations and results are equally 
obvious. 



FRACTIONS. 
(109, page 80.) 



^ ^ , 51a»6 — 63a«6V .^ , ^^ 

6. Reduce ^g 4i.« — mr to its lowest terms. 

By comparing 9a&, the smallest term, with the other terras, 
we perceive that 3 is the greatest numeral divisor common to 
all the terms, and ah is continued in all the terms. Therefore, 
Zab is the greatest common factor, and dividing by it, we 
,^ . 17a« — 21a6 . 
^^^^° 12a»6-8 - ^^' 

C71— 80) 



7. Bedace, At., 



REDUCTlOlf. 28 



B(a + xy 

The factors of the numerator are readily determined by in- 
spection ; thus, 4(o' — a^ which is 4(a + x) (a — x), and 

omitting the factor (a + x), common to both terms of the 

4i o ■— x\ 
fraction, we obtain ^ — ^ for the reduced fraction. 

8. Reduce, &c., — r rr- 

Omitting the common factor (x* — b*) and we hare 



x« + 6«' 



^fM. 



9. Reduce to its lowest terms. 

xy + y 

aj« — l = (x + l)(« — 1) 

ay + y = (a? + l)y 

aj % 

Whence is the reduced fraction. 



10. Reduce — '■ r- to, Slo, 

OCX + abx 

The only factor common to all the terms is x, Theretore^ 

C "4" CX 

divide by x, and we obtain r-i -^ws. 

ac + i»b 

11. Divide x»y' + xy by a(x«y -f ay*). Divide first by 
tH/ + xy*, and that quotient by a ; thus, 

ay + a;y « 

(80) 



24 rBAonoKs 

12 Divide 4(a + b) by 2(ef—t^ 

13. Divide n« — 2n» by n* — 4n + 4 : 

0'. (n-2)(n-2) = ^i^^' ^"*- 

11 5o* + 5aj? _ 5o(o + jp) 5a . 

a' — «* "" (« — «) (« + *) a — Jc' 

16. Reduce , , ^ 7—3 — 7 — 5j — ^ — - 

x^ + 2cx + ^ (x + c) (^ + c) 

(x + c) (x — c)x ^ (a? — c> ^^ 
(x + c) (x + c) X + c * 

16. Reduce ^-=^-,-3-^i±4(f^l^>^ 
«■ — a» (ic* + CMP + a*) (« — a) 

7* + ax + ^'^''^ 

a'a^- aV_ aV- yO gy- yO 



ADDITION. 
(116, page 91.) 

8. The fractions reduced to a common denominator are 

-5 =-. and , .„ and the sum is -^ =-„ Arts. 

a* — 6' a" — b^ or — 6" 

9. When reduced to a common denominator, the frac- 
tions will be , , and -? ^. Whence their sum is 

a^ + y" . 

(80—91) 



ADDITIOir. 25 

10 The deBominatora win be common, provided wo mnl- 

tiplj the terms of the second fraction bj 5. Then we shall 

126 — a , 16a — 56 ., . 14a + 76 2a + b ^ 

have — 5T — -i ?tt . Sum is — -^ = — ^ — , Ans. 

dbc 35c <J5c 5c 

11. The first and last fractions have a ccHnmon denomi- 
nator ; hence we add their nomerators at once, making .. ; 

but this is 1 in value. Hence, the whole sum must be 
1. « 1 — a + a 1 . 

1 + nz-^*"^ i-a "r^' ^"* 

12. Adding the first two fractions, oT + oT *= nr- To this 

oo oo oo 

56 
we are to add j-. Multiplying each numerator bj the denomi- 
nator of the other fraction, and placing the sum of the products 

.^ . 16a* + 156' ,, . 

over, Ac, we obtam rr^-r for their sum. 

' 12a6 

13. Multiplj the second fraction bj 4c, and we hare 
:^^j- . Adding the two fractions, and we have 

— 7T-r . BeduciDg, and we have — z , Ans. 

126c 4c 

• 

14. We add the entire quantities into one sum, 6a;, and 

then add the fractions -?- and -q m a disUnct example. The 

37fl 
■um of the two results, 6x + -j^ , is the result sought 

15, 5x + 4x IS 9a;. — 5 — is equal -= , and 

o ^ ibx ' 

2x— 3 6x— 9 _, ^, , , . n . 5a:*— 4a;— 9 

— V — = -TE — . Whence the whole sum is 9a;-| ,-- 

5a; 15x • Ifcp 

. 3 



26 V&A0TI0V8. 

16. Mnltiplj the second fraction bj (a — b). Then. 

the first fraction beina: ^r-T — r-r^t a^d the second, 

(o — 6) (a 4- by ^ 

r, their sum must be ,^7 — TT\* which 



(a — b)(a + by -^ (a — b)(a + by 

reduced, is r, Ans. 

a — b 



17. Mnltiplj the terms of the first fraction bj c, of the 

second fraction bj a, and of the third by b ; then we shall 

ac — 6c (i6 — ao ^ be — (i6 , 

have r — , 1 — , and r — , the sum of the nnmera- 

abo abo abo 

tors being 0, the yalne of the whole is 0, Ana. 



18. Multiply the terms of the second fraction bj a. 

Then we shall have , The sum of the two is 

ax ax 

ox — X* ^ , , a — X . 

. Beduced, , Atm 

ax ^ o ' 



19. Multiply the terms of the first fraction by o^ and then 

add the first and second, and we shall have — ^— and «r-i or 

ay 3a' 

15a + 9 . by ^ , , , , a 15a+6y + 9 . 

—3-?— and ^, to be added. Sum, - ^ f Am. 

Say day' Say ' 



21. Multiply the terms of the first Auction by cd, and of 
the second by b. Then we shall have acd, ab — 36*, and 
a' — b* — ab, for the three numerators. Thehr snm if 
acd—W + a* . 

S5 '^^ 

(W) 



SUBTRACTION. 27 

22 a(a-6) (a + 6)6 ^, ^'-<^ . 

• (a + 6)(a — 6)^ (a + 6)(a — 6)' o" — 6« ^ 
06 + 6* g' + y , 
a« — 6« "• if^^P* "*"**• 

(^+y)(aJ — y) aj'^-y" X* — y* 

24. Multiplj the terms of the second fraetioii bj I — a\ 

1 — 2a* + a* 4a' 

aad it becomes — = r — . To this add s ^ and the som 

1 — a* 1 — or 

. l + 2^«+a* ^. l + 2a« + a* (1 + a') (1 + a«) 

'^ ~l-a* • ^""^ 7 1 — a* " (l + a«)(l-a») = 

25. The Bom of — + 7- is , -, and this »iam added to the 

a 6 06 ' 

third quantity, makes the whole sum 1, Ans. 



SUBTRACTION. 
(117, page 94.) 

6. Reducing the fractions to a common denominator, and 

,»j g'— g+l a* — a — 2 , . , , 

we nave. 7 — . , v ^ . r-rr — ; — , t\ / * tt^i wnicn if 

(a+ 1) (0^—0+ 1) (g + 1) (a* — g + 1)' 

3 3 

(g"+ T) (g« — g + 1) "" o^ + 1' ^'**- 

X + 1 2x — 2 S — x 



10. The difference between the entire parts is 2x. — ^ 

ax — g* a* — x* . „ , g' — «« 
gx gx gx 

f»l — M) 



gx— € 



28 VRAGTI0K8. 

11 ??±-^ V 1 ^^g+'^^ 8g— 6 5 15a— 56 

5c ^ 7 " 35c ' ""tT" ^ 5 " ~8& — • 

DifiP. is —^ — , Ans. 

o5c 

12 20x+4 147g+21 127X+17 . 

28 28 "■ 28 • ^'**" 

14. From <^ + ''•)' take Cl-a^ 

^ J (1 - a») (14 ••) ***• (1^«')(1+-S0- 

Diff. ^ J, Ans, 

1 — or 

15. From -±Ziy take -^-%. <^-^ + y' 

^Cx'-y') • ^"^--^^y^ ?:rp Whence. 

4y 

Sod — &d b — 4bc + 8ac 

105 — ^'^"*- 

From 2a" + 2^ 

Take a^ — 2db + V 

Diff . fl' + 2o6 + d« (a + 6)(a+6) a + b ^ 

18. Prom -r^^ take f~^^. Diff. , .^ , «, 



-, J^n«. 



a» — 3x' 



SUBTRACTION. 29 

19. Prom 60 take 4o, is 2a. And from — ^ — take 

10a — 25 _,_ . 4a + 12 a + 3 _, 

Diff. IB — ^— =8 — I — . Whence 



20 * 20 



2a + ^.Ans. 



20. Prom ^±^ take -l!^^\—. That is, from 
a« — 6« (ja — b) {a + b) 

o« + y aft4-y _ o' — flft a(a — 6) 

a> — 6» a«— 6* "" o« — 6* "" (a + 6) (a — 6) "* 

,1. From JL+^+A. take. 1-2-' + -* 



(l—a^ (1 + aj«) '**'' (l—^ (1 + icO" 



I>^- I^ ^'^ 



22. Prom ^^ — ^ take ^ . Ditt 



ox ox ax 



—, uilW. 



23. Mnltiplj the terms of the first fraction bj a, the 

second by 6, and the third by c. Then, from ^ "•" ^ + 

aoc 

^ — take — T — . That is, from — ^— take r-— . 

abc abc abc abc 

*24. Unite the first and third, — — J? bb ?; to this 

^^ 2x 21x . 
*^^-5- 40' ^'^^ 



K* 



n«— 2n-f 1 n*^ 1— 2n 

n* — n n" — n n*— n' 



80 PRACTIOHS. 

26. Mnltiply the tonns of the snbtrahend hjl + x. Then, 
2 1 + X l—x 1 



1— aj« l—x* l—x" l + x 



Ans, 



27. Mnltiplj the terms of the first fraction bj (x — &), 
and the terms of the second fraction by (x — a). Then, from 

tt(g — 6) + c(g — 6) h(x—a) + c{x~a) 

(ir^b)(x — aXx — b)^^^^ia—b)(x—a)(j^—by 
From ox — db + ex — cb 
Take bx — ab + cx — ca 

Diflf. (a — 6)x + (a — b)c ; or ;r^^ — . ^ . ■ \ . — —r^ 
^ ^ ^ "^ ' (a — 6)(x — a)(x — 6) 



Dividing the terms by (a — 6), and we have 

x + c 



(x — a)(x — 6)' 



t An&. 



MULTIPLICATION. 
(laO, page 100.) 

18. Multiply 6 + ^^ by ^. That is, ?!5±i? X ^ - 

*^' a "^ X a X 

X 

19. Multiply — r— by -^-J — . Here no reductioni 

x^ ft* 

can be made. Hence, ri — r-r^t -4?is. 

20. Multiply ^p^' by ^^. That is, 

(a — x)(a + x) 2a ., „ ^ (a — x)a .^ 

^ 5-^—^ - X T — r — ^. By cancellation, ^^ ^, Am 

2y (a + x) -^ y 

(•5-100) 



MULTIPLICATION. 8] 

21. Bj cancellation, we find a for the result. 

3a X '4' \ X — 1 

22. Mnltiplj y, — ?— » , . . Omitting the common 

factor a, and the product of the other fiictors is 

2(a + 6)'^"'- 

23. Multiply ^'^~^'' by g^^^- Here 7 is a factor 
in 14, and x is a factor common to a numerator and a deno- 

mmator. Therefore, — ^ — x ^^_3 = -j^JLUg-t ^»*«- 

24. Multiply ^- ^ by — ^—. That is, 



6x — 10 -^ 2x • — ' 6(x —2 ) 
lbCx — 2) ^ 3xM5 3x.3 9a- ^ 

NoTS. Am a period, placed between algebraic quantities, denotes mol- . 
tipUcation, we ean nee it instead of X > where it is not Hablf • to be mis- 
taken for a decimal point. 

26 Multiply ^ b, ^^. Thati.fa^^)x 

= — r — r. Omitting common factors, and ^ . , Ans. 
i^ + y) ft 

29. Multiply ^^;^' -^^, —?^5. The product, 

(a — x)', of the second and third denominators, cancels the 
first numerator. Also, the factors 2 and a will cancel Then, 
36 X c SB 36c, Ana. 

30. By cancellation, we at once obtain ° , Ans 

(101) 



8f FKAOTIOKS 

DIVISION. 
(199, page 104.) 

6. X ^^ Jq — ^. Oancelling the common factors 

5a and (a — x), and we have — ^ ^ \ Ana. 

7. m±^^i. Prod, is ^^+±), J«* 

y c oy ' 

ox *^ OC 2c' 

8. — -^- — X — . Cancel the common factors a and x, 

X ac 

8nd we haye (x + c) x — ■» — ha:, -In*. 

• 2az + x' 

9. Inyerting the terms of the diyisor, and we haye -^ — ^ 

X . Cancelling the common faetora x and (a-— jp), 

2a + X . 

p,esnsjjj^^-^^n.. 

In this example we see that the terms of the divisor are 
factors of the corresponding terms of the dividend. When- 
ever this is the case, we may divide numerator by numerator, 
and denominator by denominator. 

-^ 14x — 3 25 ,. , , , (14x — 3)6 

10. = — X TTx 3, which rednces to ^7^ f- . 

5 lOx — 4 lOx — 4 

70x — 15 



lOx — 4 

-- 9a:» — Saj 5 ,„ , ^ 9x — 3 . 
IL = X -< Bednces to , Ans. 

6x — 7 3 18x — 21 . 

12- r- X — T-T = — 5 — 1" , AnB. 

X — 1 x+\ 7? — 1 

(104) 



> Ane 



DIVISION. 88 

13. -y- X T-. By reducing, 4a x 3 « I2a, Ang. 

T ^ 4^* Bedoees to ^, Jfi«; 

16. 5^— X S-. Redaces to ^"Z . ^iw. 
6 2a 4a ' 

18. («-y)(»-y) ^_jo_ Redncesto 
oo X — y 

a 

jy (m + n)(m -n) _6_ r^„,„^ 
8 m — n 

2(m*— n), ^n& 

22. %L5)(x-6) ^^^4Ty BycancellaUou, 
-^^^^ — ^y which reduced to a mixed quantity, is as H — $ An$, 
a + 1 a» a + 1 a 

A€i * " X *5 3y or = X , . In X -IV * 

a fl« — 1' 1 (a + 1) (a — 1) 

Reduces to =-, Ans. 

a — 1 

24. (^+^] divided by |L±^;. Adding the 

parts of the diTidend gives . = .. iDTerbng 

thediy»or. ^—^ + V-j__Z. == __. j«. 

CIM, 1«») 
o 



1^4 FRACTIONS. 

25. Mnltiplj both dividend and divisor bj ab. This 
will not affect the quotient Then we shall have A + u" ^ 
divide by a(i^ + 1 — 6). Mnltiplj each again bj &\ and we 
shaU have 6* + 1 to divide by ab*(l^ + l — b). 

6« — 6+l)fc" + l(ft + 
V — V + b 
6* — 6+1 

Then,^\^iM. 

(193, page 106.) 

Division in fractions is sometimes more easily effected bj 

placing the divisor under the dividend, thns making a complex 

fraction, which can bo reduced and simplified 

Thus, in place of requiring the division of a H — by 6 — -y, 

ft a 

we say simplify the fraction. 

a + ^ 

3. J. Multiply both terms by nd. 

^ i.«i. oA* + dm . 

4. Reduce Li to, &e. ' ' X « =» sri -4^* 

& 5 3 do 

c a- v* i« + ^ ia + <? 4 a + 4c . 
6. SunphfyL-^-. t^^x^~:^^:^^Ar^ 

6. Simplify — ^7-,. Multiply both terms by c. 

8. Multiply both terms by oas". 
(105, 106) 



ONB UNKNOWN QUANTITY. 85 

9. Moltiplj both terms by 2x. Then, 

lOcx + a — h 



lOcx — a + V 



> Ans. 



*• 1 



10. Shnplify?^" . Multiply by m« — ti', and 

m* — m' + n* n' . 
n' -f- m — w" «i" 

5gjc» ^^ 1^ *^ 



(a'-a;)xy 
6»(c+l) • ^"* 



SIMPLE EQUATIONS. 

(140, page 116.) 

12 Multiply as indicated, and we obtain 

3x + 8 + 4x + 8 = 6aj + 18. 
Omit 6x and 11 on each side, and a; » 7, An^ 

13. Multiply, and 62; + 6 + 6a; + 12 » 6x + 42. 

5a; cs 25 ; x » 5, An9. 

14. Multiply, and 7^; + 21 — 12x + 64 « 45. 

85 — 45 — 5x — 0; 40 — 5a; — 0; a; — 8. 

(106-lM) 



3t 8IXPUI 1QU.4TJ0JI8. 

16. Factor each member. 

Thea (c — l)x ■» (c — 1)6; whence xwmb 

17. Factor, and 

(a -f d)x s« a — e\ whence x amAnM^ 

18. By transposition, ax — cxsmn — m. 
Factoring, (a — c)x = n — m ; whence x » ^iit. 

19. By transposition and factoring, 

(a — b — d)x sas c — m ; whence x ■* ^n«. 

23. Multiply by 24, the least common multiple of the 
denominators, to clear of fractions. Then, 

6x + 3x — 4x «s= 10 ; or, 5x = 10 ; a = 2, Ans. 

15l! 

24. Multiply by 12, and we obtain -g- + 3 = 22 + 7a;. 

Multiply by 2, and 15x + 6 »> 44 + 14x ; whence x ^ 38, 
Ans. 

25. Omit 26 from each member, and multiply by 20^ and 

we shall obtain 

2a6 + 6a 



2x + ax — 5a as a5 ; whence x -. 



2 + a 



26. Omitting 13 in each membor, and then. 

5+24+' 
Mnltiplj by 20, and 12a; + 10 » 5x + 80 ; 7z a 70 ; «Bd 

X >- 10, Ant. 

(HI) 



ONs vntmsojnx quahtitt. jfr 

28. Multiply eyery term by 60. Then^ 
30a; + 20a; + 15a; + 12a; = 77 X 60. 

Or, 77x = 77 X 60. 
Dividing by 77, and a; » 1 X 60, or a; » 60, Am, 

29. Multiply every term by 12. Then, 
6x + 4a; 4- 3a; = 130 X 12. 

I3x = 180 X 12; or, x = 10 x 12 « 120, Am 

80, 31, 32.. Operations similar to that in Ex. 29. 

34. By traoG^osing the terms having the minus sign, we 

shall have 

x + 4 9 a; — 3 
» + — « — = o + 



3 2^2* 

Multiply by 6, and 6a; + 2af + 8 « 27 + 3x — 9. 

5a; s 10 ; and a; cu 2, An9. 

35. Transposing as in the preceding, we obtain 

-3-+ -2- + 2= ^^+-4- 
Multiplying by 12, and 

4x4.8 + 6x— 6 +24=sl2x + 8a; — 9. 
— 5x =s — 36,. and 
x as T, Ans, 

36. Transpose and multiply by 11, all in one operation, 

and we have 

33x — 55 , -- 

— 13 — "*■ 
Multiply by 13,^ and 52x — 26 = 33x — 55 + 143. 
Dropping 33x and — 26 from each member, and 
19x = — 29 + 143 = 114. 

a; 8 6, Ane 

(118, 11*) 



88 SIHPLB BQUATIONS. 

87. By tranfl^onng, 

X « «— 2 18 

5 "^ 2 " ~r" "*■ T • 

Mnltiplj hj 30, and 

6x + 15a: « lOx — 20 + 180. 
Or, llx-llO; x^lO, Ant, 

W Each term mnltiplied by 12, gives 

ex + ix + Sx^ 12a. 

IBx » 12a. 

12a ^ 

89. Each term maldplied by abc, and 

bcx + OCX + abx mm abo. 
Or, (6c + oc + a6)x «= a6c. 

6c + oo + oft* 

40. By clearing of fractions, we hare 

a + axmsl + a — x — ax. 
2ax + a; es 1. 
Or, (2a + l)x « 1. 

*"25+l'^'«- 

41. By transposing the minus terms, we obtain 

« + 8 g — 8 , x — 5 

4 "*■ ^ "" "6~ "^ "^~"- 
6aB + 16 + 20 « 4a; — 32 + 10a; — 60 
— 9a; = —117. 
« «= 13, Am. 

(11*, 120) 



ONB UNKNOWN QUANTITY. S9 

42. By transpofiing and nniting the nnmeraliv ^e obtain 

Multiplying by 60, and 

20x + 15x + 12x « 94 X 60. . 
Or, 47x « 94 . 60. 

x — 2 . 60 — 120, Ann, 



43. Multiplying by 8, we obtain 

225 5 

Multiply by 5, ^-^-j^-p5- 44. 

Multiply by {x + 8), and 

225 — 5«44e + 132. 
220 » 44x + 132. 
88 s 44e ; or, a; » 2, Am. 

45. Divide by the product of the two known factors, and 
we obtain 



X — m« 



o« — 6*' 



Whence x^m + j^rzz^^ ^ZTgi "• aiIIT«' ^"^ 



46. Multiply each term by 3, and transpose the minus frac- 
tion, and 

llx — 80 8g — 5 

2 T"' 

55a;_400«16aj — 10. 

Z9x a 390 ; x^ 10, Am 

(120) 



40 8IMPLB BQUAnONflL 

47. Multiply eacb member by ^, and we shall hare 
l-fj- + mB»m+ 6; whence j "■ ^ ? or, x — 20, Ans, 

49 Assume x -f 5 a* y: Then, 

1 + ^.8,-a,. 

Multiply by 6, and 8y + 5y a 18y — 120. 
Or, lOy — 120 « ; y » 12. 
But X + 5 cs y • that is, X + 5 » 12 ; whence x » 7, iliM 

50. Place x — atmy. Then, 

Multiply by 4, and 4y + 2y + 8y « 9. 

Or,9y — 9; y— 1. 
Whence x — o =» 1 ; and x *» a + 1, ^ns. 

53. Multiply each term by 21. Then we shall have 

7x + 16 =a « + 8 + 7x. 
Dropping 7x + 8 from each member, and we have 8 » x. Ana, 

54. Multiply each term by 21. Then, 

Dropping 7x front eaeh member, and 
21x + 21o 
^°" 4,-11 • 
Whence Sox — 22a « 21x + 21«. 
(8a->21)x«43a. 
48a 
"""Sa— 21- 

VOTB. IfiMiBakvSo— 21^*48. Then, 8« = 84; « ac 8; «•«« 
(190, 121) 



ONB UNKNOWN QUANTITY. 4] 

56. Tmnspose tiie minoa qaantitieBy and we hay* 
2y+ l 471 — 6a ; _ 402 — 3x 
29 "*" 2 "" ■*" 12 • 

Multiply each term bj 2, and divide the last nnmerator by 
6 ; then we shall have 

^^ + 471 — 6a: = 18 + 67 — i«. 

Bj uniting the numbers, and transposing 6x, we obtaia 
4x + 2 



29 



+ 386»&B — ^ 



MulUply by 2, and ^^- + 772 - 11a:. 

Clearing of fractions, and 8:& + 4 + 22388 » 319a:. 
Whence Slla: a 22392. 

By division, x » 72, An9. 

56. Multiply each term by 2 ; that is, divide each deno* 
minator mentally by 2, as we write it, and we will hare 
18a: — 19 lla; + 21 9a: + 15 
14 + 3a: + 7 "" 7 ' 
Multiply each term by 14. Then, 

18x-19 + Hl^+^>-18. + 80. 

Omit 18x, and transpose — 19, and 
14(U a^+21) 

^. .. ^ ^ ^ 2(lla: + 21) ^ 
Divide by 7, and ^^ T n ^ '»=• 7 
ox -f- 7 

Clearing of fhu;ti>n8^ 22a: + 42 »21ar-|-49 
Whence xmt7. 
C121,122) 
4» 



42 SIMPLB EQI7^TI0N& 

57. Dinde the numerator of the second member b j 3 m 
iadicated. Then we shali have 
1 



« — o 



1 



By dropping (x + 5) from both memben, and ? «s 1 



X 



— 5 



Whence 1 — ac — 6 ; or, 6 «■ ar, Ans. 



68. Multiply each term by x, mentally. Then, 

— i^ — -— — ^ a + a — h. 

a+ b a + b 

Multiply by (a + b), and 

mx(3a« — 2b*) = 2a« — 6« + a* — 6« — 8a« — 2*« 

Divide by (3a« — 2V), and 

mx tsm 1 ; whence x a -.. Jn» 



PROPORTION. 
(148, page 123.) 

5. Given a; + 6 : 38 — « : : 9 : 2, to find «. 
Multiply extremes and means, 

2x+12«342 — 9x. 
By transposition, llx =s 330 ; and x » 30, Ana, 

6. Given x + i : x — 11 : : 10 : 4, to find x 
Prod. Ac, 4a; + 16 « lOx — 110. 

— 6a; « — 126 ; whepce x — 21, Am 

(122, 12S) 



ONE UNKirOWN QUANTITT. 4g 

7. Given x + a : x — a :: c : d, to find x 
Prod, &c., da; + a<f == ca* -i- ac. 

Bj transposition, (wi + ac = (c — d)3i 
Or, (c — d)x^ a(c + d)- 

Whence x«<£+|>, ^«a 



8. Oiven x : 2x — a : : a : 6, to find x^ 
2ax — a* ss hx. 
(2a — h)x^a\ 

Whence x = ;r =-, Ana 

2a — b 

10. Divide, mentally, the Ist and 2d terms bj a. Then, 
a — c : X :: 1 : (d — 6). 
Mnltiplj extremes, and x=: (d — 6) (a — c), -4'.w 

PROBLEMS PBOBTJOING EQUATIONS. 

(145, page 126.) 

4. Let X » the price of the harness ; 

Then 80;= " " chaise; 

And 3a? + 20= " " horse. 

Sum, 7a; + 20 « 230 
Whence 7x = 210 
And X ss 30, the price of the harness. 

5. Let X =s the snm paid by one man ; 

And 6x + 26 = " " the other. 

Both paid 6a; + 26 = 86 ; 

6a; s 60 ; and a; « 10 
Hence $10 and $76, Ana. 

ri2S — 126) 



M 


BIHPLfi BQUATIONB. 


6. Let 


»«1 


bhesam 


given to the yomigest iob} 


Then 


x+ 4 = 


«« 


to the next older; 




x+ 8» 


If 


« M 




« + 12 = 


«4 


M 14 




«+16- 


«l 


41 44 




x+20» 


<« 


" eldest 



Sam, 6x + 60 » 120 ; 

a; + 10 » 20 ; and or » 10 



Let 


X <= the sum received by the first ; 


Then, 


«+ 5« " " " second; 


And 


»+15» " " " third. 




8x + 20^65*, 




3a; B 45 ; xwb 15, Ana, 


Let 


X B the first payment ; 


Then, 


a; + 3 a the second <' 


And 


2aj + 6 a. the third " 



4x + 9 = 29 ; 
Whence a; a 5, Ans. 

9 Let X ss the less number ; 

Then, a; + 14 a= the greater. 
By the second condition, lOx ■« 8x + 3 x 14; 

7x = 3xl4; 
andx»3x2»& 

10. Let X a the age of Moses ; 

And « + 16 « " Joseph 

By the second condition, Sx = 3x + 3 x 16 ; 
2x =: 3 X 16; and X a 3 X 8 a 24 
(I2«) 



OTHa VVKNQYTV QtrANTITY. 45 

11. Ii0t is Bs the ram paid to A ; 

« — 500« " " B; 

and i + 900« " " Cj 



Sam, 3x + 400 s 2500 ; 

8x » 2100 ; X » 700, Am. 

12, Let a; «sa tbe first number ; 
2x ss the second ** 
and SLc s» tbe tbird "^ 



6x «;: 72 ; and re » 12 

13« Iiet « as the sum paid to A , 
and 4a?« " ' B. 



5x » 750 ; aud X » 150 



lb. Let X =3 tbe valne of the saddle ; 

and nx=s " " horse. 



Sum, (n + l>»a} 

Whence x « =— - — , saddle ; t— ; — , hojrse ; AfiM. 

1 + n ' 1 + n ' 

16. Let X a the number of horses ; 
4x s=s ** cows ; 

and 20x ^ ** sheep. 



Sum, 25x as 100, by the last condition. 
Whence x=»4^ Ana. 

(126- 138^ 
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SIMPLE BQUATIOVS. 


17. 


Thig is the same as Problem 16, in a literal form. 




Let 


X = the number of horses ; 
na;sa •* cows; 




and 

Snm, 


mux a=i " sheep. 




(1 + n + fnn)x = a, by last condition. 




JXThcn 


a 



1 + n + mn 

If a » 100, n a 4, and m a 5, then x a 4, the same ae 
iu the preceding problem. 
1 S. Let X ss the number of needles ; 

and 7xBs " pins. 

Snm, Sx as 120, by first condition. 
Whence x » 15, needles ; and 7x » 105, pins; Am 

19. Let X tsm the number of scholars in Algebra ; 

3a? s " " Arithmetic; 

and 12a; S3 « « Grammar. 

Sam, 16a: » 64 ; and (c a 4 

20. Let X as the number in Algebra , 

nxs» " Arithmetic ; 

and tnnx ss *' Grammar. 





Sum, (1 + n + mn)x » a, by the first condition. 




d 




1 + n + mn 


Ifa 


=1 64, n = 3, and m » 4, then x » 4, as in Prob. 19 


21. 


Let X ss the sum due to A ; 




2ajs3 " " B; 




and 6x=s " " 0. 



Sum, 9x ssz 450, the giren condition. 
Whence x &> 50, the sum due to A. 
(128) 
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22 Let 



and 



XBS 


the snm 


due A; 


4a; » 


u 


11 

• 


B} 


8a;» 


a 


<• 


0; 


6a;- 


II 


1- 


D. 



19a; 8S 570, total indebtedness. 
Whence,fl5es 30, Ans. 



23. 



Let 






X Bs the sum due A ; 








nx« " 


" B; 








mx^ " 


- 0; 


and 






•px- " 


" D. 


Then, 


x + nx 


+ 


mx + px^a, 




or, 


(l + n + 


m + p)x as a. 




Whence, 






»s-7— — 


a 



NoTX. Anjr number of numerical problems like (90) can be made fox 
this result^ by giving to n, in and p different yaluei, and making a any 
multiple of (1 -|. » + •» + J»)« 

25, Let Ix sa one part ; 
and 8a; =» the other. 



Then, 15x = the whole, or 150. 

Hence, x = 10, and the two parts are 70 and 80, AnA 

2(> Let 3a; s A's share ; 

and 2x s B's share. 



Whence, 5a; = 1235 ; 

or, X « 247. 

Therefore, 3x » 247 x 3 » 741, A's share ; 

and 2a; ^ 494, B's share. 

(ii». ISO) 



18 SIMPLE EQUATI0K8. 

27. Let mx a A's share ; 
and nx » B's share^ 

Then the two shares are to each other as m to n 
Their sum is nu; + nx, or (m + nyx as d; 

whence, x ■■ — ; — . 
m +n 

md 

Therefore, mx — — - — , A's share 
m+n 

28. Let X + 40 a the dollars pat in bj A ; 

and X Bs the number of dollars pat In by B. 

Then, by the condition, x + 40 ; x : : 5 : 4 
Whence, 4x + 160 » 5x ; 
or, X a 160, the snm B pat ia. 

29. Let X a the valae of the suit of clothes ; 
and 100 + X SI " '' 12 months^ service. 

Now, since f of 12 months is 8 months, f of 100 + x, which 

hi Q—— > mtist B the value of 8 months' service. 

o 

But this value is also equal to $60, and his suit to x. 

_,, , 200 + 2x ^^ , 
Therefore, ^- — = 60 + x ; 

whence, 200 + 2x — 180 + 3x, 
or, * X M 20, Arts. 

SO. Let 2x B A's stock, 3x =s B's stock, and 5x « C's 
stock. 

Then, lOx « 780, and x » 78. 

Hence, $78 X 2 « $156, A's ; $78 x 8 « $284, B's ; and 
$390 = C»s stock, Am, 

(IM) 



ONE UNKNOWN QUANTITY. 4{| 

31. Let 5j; » A's part; Ux » B's part, and 1(m? » O's 
part; 

whence, 32ar = 864, and a? =« 27. 

Therefore, the parts are, 27 x 5, 27 x 11, and 27 X 16 ; 

or, A's part 135, B's 297, and O's 432. 

32. Let dx = the snm A pnt in, 7x = the sum B put in, 
and 5x Bs the sum put in ; 

then they all pnt in 15^ a 960. 

Double the equations, 30x s 1920 ; 

and Sx s 192 » the sum A put in. 

33. Let X ss the number in each flock ; then x — 80 ana 
X — 20 are the numbers left. 

Bj the conditions of the problem we have, 
a?_80 : J? — 20 : : 2 : 8 
Whenee, 3a? — 240 = 2x — 40 ; 
and X » 200, Ans. 

^ Let the required number of years be represented by x. 
Then, 25 + a; : 15 + .c : : 6 : 4 
Whence, 100 + 4a: = 75 + 5a; ; 
and a; 8 25, Ans. 

35. Let Sx and 4x represent the numbers. 
Then, ar + 24 : 4a; + 24 : : 4 : 5 
Whence, 15x + 5 x 24 « 16a; + 4 x 24, 
and 1 X 24 » X, or a; a 24. 

Hence, the numbers are 72 and 96, Ans. 

(180, 181) 

5 D 



so SmPLB XQUATIOK& 

86. Let 8x oi the age of the haeband, and 2x » the age 
of his wife. Then, 

32C + 4 : 2x + ^ : : 7 : 5 
Whence, Idx + 20 » Ux + 28, and x » 8. 

8 X 3 n 24, and 8 X 2 » 16, AnB. 

87. Let X and as + 12 represent the numbers. 

» + 12 : X : : 11 : 7. 
llx sa 7x + 84, 4x » 86, and x b 21, the less number. 

88. Let X and x + a represent the two numbers 
Then, bj the giyen conditions, we must hare, 

X + a : x I i m : n 
Whence, nx + Tia » mx, or (m — n) x «■ no. 

Dividing by (m — n), and x = 
The other number must be, a + 

39. Let X and 20 — x represent the numbers ; then theiz 
difference is 20 — 2x. 

By the conditions we have the proportion, 
20 : 20 — 2x : : 10 : 1 
Whence, 20 » 200 — 20a? 
20x » 180, or dP Bs 9, one number, and 20 — 9 » 11, the other 

40. Let X and a — x represent the numbers; then their 
difference is a — 2a?. 

a : a^^2x : : m X n 
na^^ma — 2ma? 

2wia? = (m — n) a, and a? « i^ — ^ J—^ one number. 

Theotherfa,a-(-^5Lri!0?,??^Lzz£?L±fi? „ OM^n)" 
2m 2m 2m 

Clll) 



r»w 




Bs one 


number. 


m — 


n 


na 
m — 


n 


m — 


n 



ONE UNKNOWN QUANTITY. 61 

42. Let X » the principal, r at the rate per cent ; a s 118 ; 
and d« (120 — 113 «) 7. 

TX 

Then, :^ = the interest for one month, 

18nr 

-r^ a the interest for 13 months, 

' 20rd7 
and -^^ » the interest for 20 months. 

Then, bj the conditions, we obtain, 

13ra? . 
j^ + a; « a, a) 

and -jn- + a; «= a + 4 C9 
Subtracting (i) from (3), and 

Subtracting (S) from (i), and we obtain 

^| + a?-a — d; (4) 

rxtm2a—2d—2xis) 
Prom a) 13ra: =» 12a — 12a? («) 
Diyiding (6) by (6), and 

IS --^-^ 
a — a — ar 

13a — 13 J — 18a} B 6a — 6x, 

U — lSd— 7a?«0, 

13i 

J?— a J-. 

13 X 7 

Restoring values, a; a 113 = — =1 100, An$. 

The above is a natural mode of solution ; but, bj a little 
more thought, the solution can be much abridged, as follows : 



52 SIMPLB BQUATIONS. 

When a » the amoant, aad x the principal, Affli a — 2 

must represent the interest for 18 months, and a + d—^x must 

be the interest for 20 months. 

Now, whatever be the rate per cent., interest accumnlatea 

as the time ; therefore, 

a^x : a-^d—x : : 13 : 20 

13a -I- lid — Ida; » 20a — 204P 

7a?— 7a — 13d 

13d ^ 
x=a a 1^, Am 

43. Let X represent the number Then, by the conditaona 
Af the problem, we shall have 

a?_45 : j? + 46 : : 1 : 31 
Whence, 31^7 ~ 31 x 45 a;i« + 45 
By transposition, Ac 30ar » 32 x 45^ 
10a? « 32 X 15, 
6a? B 16 X 15 ; 
X » 48, An9. 



51 . Let X a the greater part ; and 48 — a « the leas. 

And by the given condition, =■ H "^^^ « 9. 

Multiply by 12, and 2a? + 144 ~ 3a: « 108 

36— a; — 0; 
and ar as 36; 

(m-184) 



ONE UlfKlfOWN QtJANTITT. 58 

52. Let jp a kis Balary ; then, 

^ ts what he had left after paying his board ; 

X 2x 
and I of ^ a -^, the snm apent for clothes. 

Then,| — ~ — 160, and 
Bx—2a^lSbO,Ans. 

Another Solution. — Let %x a his salary; then, after paying 
board, he will have Bx left Paying ont f of this, or 2a?, for 
clothes, and he will have x left. 

Whence, x «* 150 ; and 150 X 9 « 1850, An: 

53. Let X as the whole estate \ 

then, J + 200 a the share of the 1st child. 



1 + 840- 


l< 


u 2d •• 


1 + 800- 


a 


" 8d " 


1 + 400- 


u 


" 4th " 


XXX 

Sun^^ + 3 + ^ + 


1 + 1240 a x, the whole esUte. 


iply bj 8, 2x + ^ 4 


4x 


[•«+ 1240x8 «. Sx. 



Dropping Sx, |? + ^ + 1240 x 8 « 5«. 

Multiply by 15, 24x + 20a; + 1240 x 120 — 75x. 

Transposing, Ac. 1240 x 120 « 81a5. 

Dividing by 81, and 40 x 120 » x 

or, X » 4800, Ans. 

(1S4) 
5* 



54 sniPLX EQUATioxrs. 

Another Soluiian. — ^The common multiple of 4, 5, 6, 8, is 
120. Therefore we will let 120a; represent the wholo efttfttn 
Then,80x + 200 » share of lat, 
24x+ 840— '< 2d, 
20x-|- 800- " 8d, 
16x+ 400- " 4th. 

89a; + 1240 — 120x, 

1240— 81a;, or x — 40; 
Whence 1240 x 40 — 4800, Am. 

54. 8 X 6 X 8 — 120, ft common denominator of all the 
given fractions. 

Let 120a; — the number in the detachment ; 

80x— ** on duty; 

ftnd 15x— '' sick. 

The remainder is 120;p — 95x, or 2bx ; | of this number, or 
bx, are on leave of absence. The remainder, 380, have 
deserted. 

Hence, 120a? — 80a; + 15a; + 5x + 380 ; 

20a;— 880; and x— 19. 
120 X 19 - 2280, Ans. 



55. 



Let 




0? — 


the time past ; 








and 


99- 


— X — 


" ,tocome. a — 99. 






By the condition. 


, 4a — 4a; 
l^« 5 •' 














lOo; — 12a — 12a 














22a; -12a 














llo; — 6a ; and x= 


.6x9= 


.64, 


Ar» 








(IM) 









ONB UNKKOWN QUASTITV. 66 

56. Let « =» the leas part; 

and a — a? «» the greater. 

2a? . 8a--3x 
By the conditions, a — x 5**^ 7 ' 

Mnltiply by 35, 35a — 35x _ 14* « 140x — 15a + 15j» 
By transposition and redaction, 50a « 204*. 

Bat a s 204 ; 

hence, 01? = 50a; 

and AT ss 50, the less p«rt. 

58. Let 4x=0's share; 

3a?=rB's " 

^-AS 



Whence, 7a? + -g^ = 44. 

85a? + 9x = 44 X 5, 
44a?=44x 5, 
and a? » 5. 20 »= O's share, &c. 

61 The least common denominator of the giTen fractions 
\ 12 Hence, 

let 12a? s the trees in the orchard. 

Then, 6a? = apple trees ; 

Sx a peach trees ; 
and 2a? = plam trees. 

Whence, 12a? =» 6a; + 3x + 2a? + 200 ; 

or, a? = 200; 

and 12 x 200 =» 2400, Ans. 

(114. 1S5) 



4S 8IMPLB BQUATIOKS. 

62. 24 Ib the least conmon d^iominator of the ffiTca 
fiwctioiis. 

Let Hx mm his whole number of sheep. 

6d? MB the number in the first field ; 
4«— '< *' second field; 

8x1- " " third field; 

2ap«- " " fourth field. 



Whence, 2ixm,(ix + 4x + Sx + 2x + 4& 
9X-.45; 
xwmb] and 24 X 6 a 120, Ans. 

68. Let a = mj money. 

Then, by the required condition, we haye 

.-J-f.ee 

Multiply by 20, and 20x — 5x — 4a^66x 20, 

Ux — 66 X 20, 
whence, x « 6 x 20 -> 120, Ans. 

64. Let ip = my money. 

•m. XX 

Then, x = 0. 

n m 

Multiply by mn, and mnor — fiu? — tm? » amn. 

(win — m — n)a; =» amik 

„ amn 

iience, x =» 

mn — w - n 

This problem is the preceding one in general terms. 

65. Let X =B my height in inches. 
Then. (|_12)i = 2; 

1-12 = 10; 

•nd x = 66 inches, or 5 feet 6 inches, Ana. 
C1S5, 1S6) 
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66. Let 40x* represent his fortmie. Then, Ibx waa spent the 
1st year, and 25x was left. The 2d jear, | of 25x, or 20x, 
was spent, and 6x only was left 

Hence, 5x— 1420. 

Maltfplj by 8, and 40x » 11860, his fortune, Ans. 

Second Solution. — ^Let xeshis fortune. After the 1st year^ 
-^ was left. 

Now, 2 of -^. » ^, the sum spent the 2d year. 

Hence, ^ — | =1420. 

Multiply by 8, and 6x — 4a? = a; =» 11360, Ans, 

67. Let 12^ a his money. He lost Sx, and had 9x left 
Then, from 9x + 3, he lost 3x + 1, and 6x + 2 remained ; and 
this was equal to 12. Whence, 6x s 10, and 12x a;s 20, Ans. 



Another SolutLdn, — Let x = his money. After he lost, he 

• 3a- 8x 

had -^. . Then he won 3, and from -^^ + 3, he lost ^ of it, and 

had left ^ + 2 =. 12 5 or, I — 10, and x = 20, Ans. 



68. Let 12x = his money. Then he lost 8x, and had 9x. 
From 9x + 3, he lost 3x + 1, and had remaining 6x + 2, to 
which he won 2 shillingp3. He then had 6x + 4. He bst 4 
of this, and had remaining f ; that is, f of 6x + 4, which 
is 12. 

(6s-f4)f^l2; 
Dividing by f , 6x + 4 f*i 14 ; 

6x « 10, and 12ar ^ 20, Am. 

(1J6) 



58 SIMPLE EQUATIONS. 

69. Let X mm the namber of sheep ; 

Then, ^ — i — the namber after the Ist robbeij ; 

« — i — i — the namber after the 2d robbery ; 

a — 1 — 2 — 4 — 40, and » — 47, ^nt 

70. Let &p a the price of the horse ; 
and a— Sxwm " " chaise. 

2a_l&r-8it-24x_5?L=i?f. 

By transposing, 2a + 5^1??— 4Zx. 

14a + 6a — 40a? -801a?, 
19a « 341a?; 
or, ax^ 19o; a: — 19; and 19 x 8 « 162, price of the 
horse, Ans. 

72. Let a? «« the namber of days, as in 71. * 
Then, by working together they will do - in one day. Bat 

A does — , and B,-=-, in one day. 
o 

Therefore, - + -«!. 
a X 

Whence, x = —7-^, Ans 

a 4- o 

73. By placing a « 12, and b «- 24, these ralaes sahsn 
tated in 72 will give the answer to 78. 

24x12 ^ . 
86 *" ^' ^^• 

(1S6^ 1S7) 



ONB UNKNOWN QUANTITY. 69 

74. Here, as in 72 and 73, let « » the nnmber of dayi re- 
qaired when all work together. 
n^ 1.1.1 1 

Whence,^ + g- + g^ — 1 ; 

48a; + 40a; + 80x » 240 ; 

118a; B 240 ; and a; -> 2 A, An9. 

76. Let X as the number of idle dayi ; 

a — a?= " working dayi; 

ab — 6x as the yalue of the labor ; 
and ex » the amonnt of forfeiture. 

Then, o6 — bx — cx^d; 
whence, ab — <i = (6 + c) r ; 
ab—d . 

77. Let X Bs the number he broke ; 

and ' 30 — X « '' delirered safelj. 

Bj the conditions, we obtain 

150 — 6a? — 12a? « 90 
Whence, 51 » 17a;, and a? a 3, Am. 

Another BoltUian. — Let a? &= the number he deliyered safelj. 

and 80 — a; « "* broke. 

Then, by the giren conditions, we obtain the following 
equation : 

6a? — 12.30 + 12a? « 99 
17a?»459; a?»27; and 30 — 27-8, An» 

(137, 1S8) 



60 8IM rUE SQUATX0H8. 

78 Lit or ■■ the nimber lie broke ; 

and n — xwm ** deliTercd. 

By tbe conditional we obtain the following eqnalioii * 
an — ax — bx^d. 

Whence, x = ~ . , Ans. 



SIMPLE EQITATIONS 
OONTAIRIIIO TWO 17NKKOW9 QVAllTIXmL 

(ISa, page 146.) 

9. ^ Add the two gixen eqaations, and their sum h 

by + bz^ 150 
Diyiding bj 5, and y + z -> 80 
Bat, y + 42ra 48 

By subtracting, Szai 18 

Hence, zai 6, and y » 30 — 6a> 24, Ana. 



10. GiTen • . , . ,„ ^ 
Ux + 5y ■■ 13 CD 




Multiply (1) by 2, and 4a; + 6y - 14 




Bnty 4x + 5y -1 13 




DiJ. y-1. 




Now m becomes 2« + 8 = 7, 2jf ■• 4, or, 


ff-ft 


(188-147) 





TWO UNUSrOWN QTTANTZTIBS. 01 

11. Giyen by + Sxm,dS (i) 

and 8y + 4as =s 80 GO 

6 J subtracting, 2y — « cs 13 (S) 

Multiply (3) by 8, 6y — 8« « 39 (4) 
Add (1) to (4), and lly = 132, and y »■ 12 

This Talne of y, subtracted in (2), and 36 + ^ » 80 1 
ft + a? « 20 ; and X = 11. 



12. Given 




14 
11 


m 




By adding, 


far+fy- 


26,1 


x+ y — 


5 

80 


Double (1), and 




« + |y = 


28 


By subtracting, 




r" 


2 


Hence, 




y 


b6, «id««> 


24, Jim. 


13. The sum of the givei 


I equations ie 






6 . 6 


.15 






Whence, 


«+ y- 


.10 






But, 


« + iy- 


. 8 






Hence, 


iy- 


■2; 


y - 4 ; and . 


r— 6, Ji 



14. The sum 


of the giyen equations is 


aJ + y 
7 


+ 7C« + y) «150. Place x + y 


Then, 


\8+ 7s»150 


Whence, 


s + 49s= 150x7 




50s»150x7 




s» 8x7^21 


That is, 


« + y«2L 


6 


(147) 











C8 


SniPLE EQUATIONS. 






From th« 2d of the giren eqaattoni, we hare 








49d; + y— 857 






Bnt, 


X + ymm 21 






DUL 


4&C -886 








X -i 7 ; whence y ■« 


14. 


illU. 




f^T^+^ + y- 4 m 







16. Given < 6. ' 19 ' '' 

Obserye that (2) shows us that the first nnmerator in a) is 10 
That is, X — y « 10 ; and, when divided by 5, the qnotiont 
mnst be 2. Then 2 dropped from each side of a), aad 





19 


BB> St, 






Whence, 


x + y 


-=88. 






Bnt, 


«— y 


«10. 






Sum, 


2x 


-.48. 






X 


-24, 


sad 


y 



14, An$. 



16. Add the given eqnationSi and divide by 2, and then 
m^aa + b. 

Subtracting and dividing by 2, and y » a — 6. 

17. Dividing the first equation by 2, and we shall have 

2x — y^Ad — a. a) 

Add x + y^2d+a + Sc. (S) 



m 



8nm, . 


8« 


>6<2 + 8«. 


Piriding by 8, ud 


a; B 


:2<H- c, 


Sibtracting m from (3), and y ai 


a + 2c. 




M47) 
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18 Add the giyen equations, and divide by 2c Then, 
a + b 

05 as 

C 

Subtract the second from the first, and divide by 2m, and 
a — b 

1£ By subtraction we obtain (6 + c)y « 6 — c. 

__- h — o 

Whf nccj y « j--, — • 

^ b + c 

This value of y, multiplied by c, and the product, substituted 

5^ ^ 

In the first equation, will give ax + -^— — = 6. 

"J" c 
Clearing of fractions, and we have 

a(6 + c)x + bc — d"^ be + 6". 
6«+c> 



Whence, 



a(b + cy 



20. Multiply the first of the given equations by m\ and the 
second by n. Then, we shall have 

mx + fn*ny = m* + mVi ; 

and mx + — ^ = mVi + n*. 

m 

By subtraction, (m'n j y =s m* — n*. 

Multiply by w, and (wVi — n*) y « (m* — n")w ; 
or, (m* — n')ny == (m* — n*)m. 

Dividing each side by the common factor, m* — n', and we 

m 
have ny Bam; or, y =■ - 

In place of ny in the first equation, write its equal m, and 

then we shall have - +m ^m + n; 
m 

X 

or, - Bs n ; or, flc ■■ mn. 

m 



84 8IMPL1 BQUATIOVB. 

mOBLKMS OONTAININO TWO UNKNOWN QT7ANTITIII. 

(1S», page 150.) 
l>. Let - represent the fraction. 

Then, by the conditions, « o*>^^ — r-^ "= r- 

' y 2 y + 7 5 

Whence, 2x + 8 ■» y, a) and 6j? « y + 7,(2) 

Babtracthig (i) from (2), 3x as 15 ; and x^b. 

Bat, y a* 2dp + 8 a 18 ; whence, -|^ is the fraction sought 

6. Let X SB A's money, and y » B's. Then, if B g^ye A 
$15, A will ha7e x + 15, and B.wiU have y — 15. 

Now, by the first condition, x + 15 « 5y — 75 ax 

Again, if A give B $5, A will hare x — 5, and B will hnve 
y + 5. Then, by the second condition, x — 5 b y + 5 (2). 

Subtract (2) from 0), and 20 » 4y — 80. Whence, 4y » 100, 
and y a 25. 

Bnt, X— 5 a. y + 6. That is, a? — 5 » 25 + 5 ; 

or, ' d? a 35, A's money. 

NoTB. AUhoagli it is more nfttnrml and easy to use two symbols in 
soWing problems like those at present under eonsideratlon, yet we can 
sometimes soWe them by the use of a single letter. For example, take 
the last problem. Let x = A*s money ; then, if B gi?* A $1 5, A will hsTe 
X 4- 15. This, diyided by 6, will giro B's money, less $16 that he haa 
just giTon to A. 

»+15 

Then, B had at first — -^ J- 16 dollan. 

Now, if A giTSS B $6, B will hsTe — ^ h 20, and A wiU havt 

• — 6. ^ 

But now they will baTe the same number of dollars ; 

s+16 
thatia» m^ 6a«— ~— + 20; 

6z — 26=r«4.16+100; 
or, 4% ttsr 140, and x •=• 86, A*s money, ais before 

(IfiO) 



7. Let X a the nnraeiator, and y < 


« the denominator of 


the fractioB in question. 




Then, 


2m 2 

y + i^l 


(X\ by one condition ; 


and 


flr + 2 3 
2y " 6 


(«), by the other. 


From (1) 


6a? « 2y + 14 («) 


From (2) 


5j? + 10 =. 6y 


(4) 


3 times (S) 


18« » 6y + 42 (5) 



W from (») 13a? — 10 « 42 

13x a 52 ; whence x^A. 
This Talne of x, substituted in (B), gives 24 » 2y + 14 ; 
or, 12 a y + 7, or y SB & 

Therefore, the fraction is J, ^n«. 

8. Let X = A's money, and y » B's. 

Then, if A give B $5, A will have 07—5, and B will hayo 

y + 5. 

By the first condition, 2ar — 10 « y + 6 a). 
Again, if B g^re A $5, A will hare « + 5, and B will haye 
y-5. 

And, by tiie second condition, we haye 

ap+ 5 = 3y — 15 (2) 
Double (2), and 2ap + 10 « 6y — 30 (S) 
Subtracting, 0) 20 » 5y — 35 ; 

or, 5y := 55, and y =» 11. . 

11 substituted for y in a), and « » 18. 

Hence, A has $13 ; and B $11. 

(160) 
6* 



M SniPLB BQUATI0K8. 

9 Let a: ■■ the number of pounds of 9 cent sugar; 
and y n the number of pounds of 18 cent sugar. 

Then, ar + y »• 100 a) 

and 9x + 13y — 12a; + 12y (S) 
y »■ 8x. 

Zx written for y in a), produces 4x b 100. 

Whence a; a 25 ; and y ■■ 75, An», 

10 Let X s= the value of the better horse ; 
and y mm the value of the poorer ; 

I bj conditions* 

«+ 50 = 8y (2)) 

Double (8) 2aj-f *00 = 6y (s) 

From a) 2a? — 50= y (4) 

Subtract (4) from (S), and 150 b 5y, or y = 80. 
Substitute this ralue in G), and 80 + 50 » 2« ; 
whence, a: = 40. 

11. Let X = the daily wages of the men ; 

and y = that of the boys. 

Then, 4x + Sy^ 40^ , ^. , « 

. • ^ ^ .-^ f *>J conditions. 
And, 7a?+6y = 50) ^ (S) 

i of a) « + 2y =a 10 (8) 

3 times (8) 8x + 6y « 80 (4) 

(4) from (3) 4a; » 20. 

Whence, x » 5 ; then, a; ta 5, taken from (S), and 2y » 5, 

or, y = 24 
C150) 



TWO UNKNOWN QUANTITIBS. 67 

12. Let X ss the price of a yard of broadcloth ; 

and y = the price of a yard of Telret 

Then, a? + 3y « 25 (i)) ^ 

r by conditions. 
4a: + 5y=i 65 (2)j ^ 

Multiply <i), by 4, 4x + 12y •=« 100 (8) 

Sabtract (2) from (3), 7y = 35 

or, ys= 5 

The valae of 3y, subtracted from each member of a)» gives 

a;»10 

13. Let 0? as the first number, and y = the second. 
Then, by the conditions, — + |^ = 9 a) 

and 1 + 1 = 6 p) 

From the double of (2) subtract (i), and we obtain, 
-^ — s^ = 1 1 whence, y » 15. 

o 

Take ^ of y from each member of (i), and 
— = 4 ; whence, a? = 8. 

14. Let X = the age of the elder son, and y = the age of 
the younger. Then, by the conditions, we hare 

a? + y + 18 = 2a? (i) 

x — y— 6«i y (2) 

By addition, 2a? + 12 =. 2x + y, or y « 12. 
This Talue of y substituted in a), and x a 80. 

15. Let X = A's money ; and y = B's. 

Then, a: + 100 = y — 100 (i) ; 

and, 2(a: — 100) = y+100 (2). 

Subtract a) from («), a? — 300 « 200, or a? — 500 = A'a 
This Talue substituted in a), and y = 700 = B*a 

(IM) 



68 SIMPLE EQUATIONS. 

16. Let X S5 tlie fint nmiiber ; and y = the second. 

Then, ^+^ « 12 a) 

l(f + 8y)- 26 (t) 

Fi7e times a), and 8x + -^ » 60 m 

From (2) x + 6y ■■ 78 (4) 

Moltiplj (4) by 3, and 8ar + 18y » 234 (i) 

(8) from (5), and 18y ^ —174 

126y — lOy =174x7 
Or, 116y « 174 X 7 

68y « 87x7=609 

y =-5g- =10i,i4n» 

6y = 68. Hence, 63 substituted in <4) gites x b^ 15. 

17. Let X = A's money ; and y = B's. Then, 

ac — y _ 1 

3 I by the conditions. 

a + 2 = 5(y — 2). (2) j 

From (1) a; as 4|^ ; and this valne of x placed in (2), that equa- 
tion becomes 4^/ -f 2 =s 5y — 10. 

Hence, y = 12 ; and x = 4y « 48, Ans. 

18. Let X ss the number of eggs at J cent each ; 

and y = " " | of a cent each. 

Then, the whole cost, ^ + ly = 65. o) 
2 o 

Now, a; eggs were sold at 1 cent each, and y eggs were sold 

** I + i, or J of a cent each. Hence, the sale was, 

a.4.^„120. (3) 
(Wl) 



TWO UNKNOWN QUANTFTIBS. $9 

Double a), and x + -^=a 180. (S) 

o 

Sabtractiug (2) f^om (3), and -| => 10 ; or, y = 60. 

This valae of y placed in (^, will gire x «■ 50. 

20. 1b solred in the book, bj placing a » 28, and b = 6. 

21. Let a; = the greater number ; and y = the less 
Then, a? + y = 100; o) 

and 2a? — 3y=«150 (S) 
Doable (i), and subtract (2), and we obtain 

6y = 50 ; or, y = 10 ; whence, a? = 90 

V 

22. Let X = the daUy wages of the husband ; 

and y= •* " " wife. 

Then, mx + my = 2a (i) by the 1st eondiUoa ; 

and mx — iny = 2e (2) " 2d " 

Bj addition, 2mx » 2a + 2c. 

X = , man's wages. 

Subtract (2) from a), and 2ifty = 2a — 2c, 

23. Let X = one number ; 
and y ^=3 the other. 

Then, 2x — y = 36 ajy by the 1st condition ; 

2y — a; = 3a (2), " 2d " 

By addition, x + y « 3a + 36 (S) 
Sumofa)and(3), 3x = 3a + 66, ora:= a 4- 26. 
Suniof (i0and(8), 3y=6o + 36,ory ==2a+ t 
(151,158) 



TO SniPLS BQUATlOirS. 

24. Let X and y represent the namben. 

Then, « + y = a ; a) 

and, X \ y M m \ n\ 

or, nx = my, (so 

Multiply (1) by n, and nx '\- ny =^ nmi 

whence, my -^ ny=^na\ 

ma - wi , 

yn . . and 05=--; , ilfWL 



SIMPLE EQUATIONS 
OOMTAINIKO THRSS OB MORE UNKNOWN QUANTITIEa 

( 188, page 155. ) 



{3x + 9y + 8z = 41 a)] 
6a; + 4y — 2z = 20 (2) > to 
llx + 7y — 6z = 37 (3) J 



find X. y, s. 



Here we observe that the coefficient of 2, in the 2d equa- 
tion, can be made numerically equal to the coefficients of is in 
the other two equations, by multiplying it by 2 and 4. 
That is, the 2d, multiplied by 3, gives 

15x+ 12y — 6z = 60 
Subtracting (S), 4x + 6y =23 m 

Equation (2) multiplied by 4, gives 

20x+ 16y — 82= 80 («) 
Add (1), 23x + 25y = 121 (7) 

5 times (6), 20x + 25y = 115 (8) 

Diff. 3x = 6 ; whence, x =s 2. 

Substitute this value of x, in equation (5), and we have, 

8 + 5y = 23; or, 5y=15; andy = 3. 

Substituting the values of x and y in (2), and we obtain, 

10 + 12 — 2« = 20; andzx=L 



THREE OR MORE UNKNOWN QUANTITIES. Jl 

2. The first equation doubled, and we haye 
6x + lOy + 2« = 62 
Subtract, second ; 7y = 21, and y » 3. 

5. Add all three, and divide the sum by 8, and « » 12 ; 
Whence, y =» 8, and z = 6. 

24. 



3. Place a = 6 ; 


then 2a =- 


12, and 4a » 


Assame 


x + y + 


Z«.« (A) 


Add 


x — y — 


z^a 


Sam, 


2x = 


a + « a) 


To 


* + y + 


23S s 


Add 


8y — X — 


z»2a 


Sum, 


4y = 


2a + « (2) 


To 


x + y + 


2 a S 


Add 


Iz-y- 


a;a4a 




82 = 


4a + « (8) 


Double (2), and 


8y- 


4a + 2« (4) 


Multiply (1) by 4, 


and %x =3 


4a + 4« (6) 


Sum of (S), (4), (5), 


88 » 


12a + 7«; 



Subtracting 7« from both members, and s =3 12a » 72. 

Substituting the values of a and s in (i), and we have, 
2x = 78, or a: = 39. 

Substituting in {% and 4i/ »= 12 + 72, or y :=: 3 + 18 a 21 
" (S), and 8z = 24 + 72, or z « 3 + 9 =« liZ 

The common reduction of these equations is very easy ; but 
we give the foregoing in the hope of cultivating a higher 
standard of algebraic taste. 

By subtracting the first of the given equations from the 
second, we obtain, 4y — 2x a 6 (a) 

(155, 15<) 



TS SIMPLE SQUATIOKS. 

Mnldply the §nt equatum by 7, and to the product add the 
third. That is. 

To 7x — 7y — 7x^42 

Add 7z — y — a; = 24 

Sum, &c — 8y»66 

or, Sx— 4y = 83 

Add equation (a), 4y — 2a; » 6 

Sum, xbSQ 

{af + iy = a«=lOO a) 
y + i^ = a (8) 

«+ia; = a (8) 

Multiply (8) by 8, and from the product subtract (P). 
Thus, Zy+ z=^Sa 

8y — ^a? ss= 2a (4) 
We have now two equations, a) and (*), iuTolying two un- 
known symbols only. Clear of fractions in both 0) and (4) ; 
and we have, 2x + y= 2a (5) 
and — x+ 12y = 8a («) 

Double («), — 2« + 24y -= 16a 
Add (6), 25y « 18a » 18 x 100 

y = 18x4 = 72. 
The value of \y, substituted in a), and x + 86 as 100, 

or, or SB 64. 

(1) 

(8) 

w 

Sum, 2x + 2y + 2z + 2w + 2te»r264 
(I6C, 157) 




THREE OR MORE UNKNOWN QUANTITIES. 7g 

i Bum, (x -r y) + 2 + (w + «) =132. 
That is, 52 + « + 30 = 132 ; whence, « = 50. 

This value of z^ taken for each member of (2), and y ass 32. 
This value of y, taken for each member of (i), and x = 20. 
This value of x, taken from each member of (s), and w = 12. 
This value of w, taken from each member of (*), and w = 18. 

/ J + 32/ = 23 (1) (^"=^' 

9. Reduce \ «. j. j., » /«^ a ) V =* ^» 

the equations. ) y+3z=31 (8) V« =8, 

\x + y+z +2w^^9 (4) \«> = 9. 

a; + 9y«:69 (5) 

4a? + 2; = 32 («) 

y + 3z = 31 (7) 
Multiplj (8) by 3, and from the product subtract (7)» and we 

shall have 

12a:— y=65 

Multiply by 9, and lOSa; _ 9t/ = 65 X 9 

Add (5) 109a? = 65 x 9 + 69 = 654 

^. 654 ^ 

Whence, a? = j^ = o 

§ = 2, subtracted from a), and 3y = 21, or y == 7. 

The value of x, put in (2), and 2=8. x + y + z, taken from 
(4), and 2ti7 = 18, and w = d, 

'•4a? + 2y — 3z==: 4^ 



}4a? + 2y — J 
3a? — 5y + ! 
a?+ y + 



10. Given <( 3a? — 5y + 2z = 22 > to find a?, y, and 2. {^) 

z = 12) ^'' 

Double (S), and from the product subtract (2) 
Then, — a?+ 7y = 2 (4) 

BCultiply (3) by 3, and to the product add (i) 
(157) 



T4 SIMPLE SQUATIOK& 

Then, 7x + &ymm4tO ff) 

7 times (4) ghres — 7x + 49yail4 d) 

Add (S) and (•), 54y »: 54 ; or, y -■ 1. 

Bnbetitnte this yalae of y, in (&), and we haye 

7dP 4- 5 aa 40 ; whence 7d? «> 85 ; and » ■■ ft. 



IL 






22 


m 


33 


» 


19 


(S> 



Clear the coefficients of m of fractionsL Thffi, 

2« + jy+ «- 88 (4) 

ix + 2y+ « I- 66 (ft) 

Sx + 2y— «i-152 («) 
Add (0) to (4), and to (•), and there will resoll^ 
10a; + 3 jy wm 240 (T) 
and S^x+ 4ya.218 (S) 
Hnltiplj a) by 3, and 30x+10yB720; 
or, 8a; + y «i 72 (9) 

Multiply (0) by 4, and 12x+ 4y » 288 

Subtract (S), and 8fe » 70 

Whence, 7a; » 70 x 2 ; and a; » 20 

12. x + ym^a Pi 

x+ X m^h (f) 

and, y -)- z a c. (« 

The sum of a) and (S) is 2a; + y + zaa — 6; 

but, (») y + z « c 



Whence, by subtraction and division, x =» ^a + k— c) 
(167) 




THBEB OR MORE UNKNOWN QUANTITIBS. Jg 

13. ITrom the 8d of the giren equations subtract the 2d, 
and we have 

(ac — c')x+y+ (ao — a*)z = a' — ae+<^ ; m 

robtract cx+y+az » a+ac+e. CO 

Diff.(ao — (^•■^^')x+(ac — a* — a)z= 
or, (a-c— l)cx+((>-Hi— l)az=-(a 
Now, we may assnme that 

(a — c — l)cx sas (a — c — l)a; (i) 

then will (c — a — l)az=(c — a — l)c. («> ^ 

Prom (6), ca; =s a : or, «=» - 

From («), az= c: or, j » ~ 

a 

These values of ex and az, substituted in (s), will give us 

a + y + c^a + ac-^ c; 
Or, y^aa, 

PBOBLBMS PBODUOINO EQUATIONS CONTAINING P9RXX OB MORE 
UNKNOWN QUANTITIES. 

(lae, page 157.) 

1. Let A, B, represent the ages sought 
A + B + C =» 90 years a> 
A + B —50 '* (2) 

B -f = 70 " m 
Subtracting (3) from a), and » 40. 
Subtracting (3) from (i), and A a 20. 
The sum of A and 0, 60, taken from (i), and B a 80, An9 
(167) 



T6 6IMPLB KQUATIOKfi. 

3. Let X M the noAber of sheep in the fiist pastore ; 

y— " " second " 

«■■ " " third ** 

Then, by the conditions, we obtain the foUowing eqaations : 
* + iy + i'«70«a (1) 
y + ia; + i2 = 60 « 6 (2) 
^ + l*+ 4y="^8r= c (8) 
From a) «+ y+ 2 = 2a— aw 
From (2) x+ y+ z =. 36 — 2y (5) 
From(«) x+ y+ 2 = 6c — 42(8) 
Now, let X + y + 2 sar 8 ; and, 

(4) becomes, S » 2a — 2; (7) 
(6) becomes, S = 36 — 2y (8) 
(«) becomes, S = 6c — 4z w 
Now, multiply (o by 4, and (S) by 2 ; and we shall have, 
48 = 8a — 4x oo) 
28=»66 — 4y (11) 
and (9), 8 = 6c— 4z 

By addition, 78 = 8a + 66 + 6c — 48 ; 

or, 118 = 8a+66 + 6c, 

This value of 8, put in (7), and 110 = 140 — a; ; 

or, X a 30. 
From (8) 2y = 36 — 110 a 180 — 110 « 70 ; 
whence, ya. 86. 

From (9) 42 sa 5c — 110 = 290 — 110 = 180 } 
whence, 2 »» 45. 

(158,169) 



THREE OK MORE UNKNOWN QUANTITIES. 77 

4. Here we hare, at once, 





A + B - 900 


0) 




A+0 = 800 


m 




B + = 700 


m 


Bj addition. 


2 (A + B + 0) = 2400 






A + B + -1200 


w 


Prom (4) subtraet-G), and 


- 300 


] 


Prom {*) subtract W, and 


B » 400 


h 


From (4) subtract W, and 


A » 500 


} 



Am. 



5. Let X, y, and z represent the three numbers ; 
then, a; + y + z as 69 (i) 

X — y = 10 (2) 

« — 2=18 (8) 

By addition, 3xs:87; 

whence, x =» 29. 

This yalne of x, substitated for x in (2) and C), wHl show that 
y = 19, and z a 11, Ana. 

6. Let a; =s the number of tens ; 
and y=s ' nnits. 

Then the number, expressed in units, must be 

lOx + y. 

By the conditions we obtiun, 

lOaj + y s 4x + 4y; (i) 

and 10a5 + y + 27 = 10y+ x. (2) 

Prom a), 6x = 8y ; or, y =a 2as. 

From (2), 9aj + 27 = 9y. 

Divide by 9, and x+ 3 « y = 2a: ; 

whence, as = 3, and y » 6 ; 

%nd 36 sa the number sought. 

(159) 
7* 



f9 8IMPLS EQUATIONS. 

7 Let a; M the naiaber of hondredft } 
y Bs '* tens ; 

and zssa ** units. 

Then the nomber, expressed in onits, moft be 

lOOx + lOy + z. 
By the given conditions, we hare 

x+y + xm^Q* a> 

lOOx + lOy + « + 198 -a 100« + lOy + X. m 
Reduce (S)^ and Wx + 198 -> 99z ; 

or, a; + 2 a « as 2a; ; see (9 

whence, a; « 2 ; and s b 4 ; 

take Talnes of x and 2 from 0), and y « 8. 
Hence, the number must be 284. 

8. Let 0?, y and z represent the parts. Then, 

a; + y + z = 90, a) 

2x + 40 « Sy + 20, (i) 

4z + 10 « 3y + 20. (S) 

2a; + 20 
From (2), y a ^ — • (4) 

(S) from (2), and 2a; — Ax + 80 = 0. 

^^ a; + 16 

Whence, z « — L — ^. (S) 



Nov, (4) and (») rabstitnted in O), ud 
2* + 20 a: +15 
x + g + 2 -»*'5 


» 


6a! + 4x + 40 +Sx + 46 = 


640, 








ISxa 


465, 








Xa 


85. 




But, 




y = 


2«+20 
8 


-80; 


and 




Z = 


85+15 

o 


-25. 



(159; 



THREE OR KORS UNKNOWN QUANTITIKS. 70 

9. Let X, y and z repreBent tbe three Bomben in qneettoiL 
Then, by the conditions, 

« + S^^ = 25 = a; « 

y + fjti = 25 = a; («) 

»+^^=26 = a; ff) 

From a), a; + y + z = 3a — 2x\ (4) 

From (2), a; + y + 2; = 4a — 3y; (») 

From (3), a; + y + 2 = 5a — 4z; (») 

Now, assnme a? + y + « =. « ; 
and (4), (5) and (6) become 

« = 3a — 2a; ; (7) 
« = 4a — 3y; (8) 
8 = 5a — 4z. (B) 
Now multiply (7) by 6, (S) by 4, w by 3, and we shall hav« 
6« = 18a— 12a;; 
4« = 16a — 12y; 
3« = 15a — 12*. 



By addition, 


13« = 49a — 12«. 




By transpodtion. 


25« = 49a = 49x 25. 




Whence, 


«=49. 




This yalne of «, ] 


placed in (T), (S) and w, will give 


the Talnei 


uf or, y and «. 






Then (7) becomes 


49 = 75 — 2a;; 




or. 


a; = 18; 




and 


z=19. 
(159) 





to SIMPLE BQUATIONa 

10. Let Xf y, And srepresent the three namben. 

Then, by the conditions, 

x + ^yz^U (1) 
y + iz = 18 (1) 
ar + |x » 20 (8) 
From the donble of a), subtract (2), and we obtain, 
2x — iz = 10 
Multiply by 3, and 

6a;— z«30 (4) 
Add (8), 6x + ;}x » 50 

25x = 50 X 4 
x« 8; 
whence, iy — 6 ; y a. 12 ; and z= 18. 

11. Let 6O2;, 60y, and 60z, represent the three nnmbenL 
Then, by the conditions, 

30a? + 20y + 152 « 62 0) 

20a: + 15y + 12z » 47 («) 

15a? + 12y + lOz « 38 (») 

Donble t'>, and subtract H) ; then, 

4y+ 5z«14 (^) 

Take 3 times <^>, from 4 times ('>, and we have, 

3y+ 4z=rll (6) 

Taking 3 times W, from 4 times (^), leaves 

z = 2 ; whence, 60z =» 120. 
From (5), we have 3y + 8 = 11 ; 

whence, 3y = 3, y = 1, and 60y = 60. 

And from (^), we have 15a: + 12 + 20 « 38; 
whence, 15a: = 6, a: =s |, and 60x » 24. 

<160) 



THREE OR MORE UNKNOWN QVAMTITIBS. g] 


13. Let X, y, u, and z 


represent the fonr 


sums of money. 


Then, by the conditions, 


1 




.+"+«+ 


i = 30 = a 


a) 


v + ^"-± 


i«32«a + 2 


(S) 


■ .+'+r 


i « 34 = a + 4 


(») 


.+•+3'^ 


- « 36 =- a + 6 


W 


Prom (1), x + y + u + 


zs 3a— 2ap 




or, 


«» 3a— 2aj 


w 


From (2), 


«» 3a+ 6 — 


2y(«) 


From (8), 


,= 8a + 12 — 


2ttCT) 


From (4), 


s» 3a + 18 — 


22(8) 


Bj addition, 


4««12a + 86 — 


2« 


By transposition, 


6a » 12a + 36 




By division, 


«=: 2a + 6. 





This value of », written in (5), and we obtain, 

2a + 6«3a — 2aj; 
whence, 2x = a — 6 ; or, x = ^a — 3 s=a 12. 
Snbstitnting in the same manner in (6), (0, and <^\ we obtain, 
y, ti, and z. 



14. Let- a the first fraction. Then, by the conditioni 

y 

Q^ 4^6 

in van, — = the second fraction, and— = the third, 

^ y y 

7x 
Then, — = 2, and a; = §, the first fraction ; consequently. 



4, 4, and f are the fractions sought 



(IW) 

f 
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15. Let X, y, and z repnee&t tiie tbrte uamhtn. 



Then, by the conditions, 








'■^'-¥ 


— 28 


0) 




'+"t' 


— 80 


« 




z + 2(«+y) 


-72 


(Q 




Prom m, 8* + y + « 


-69 


«> 




Prom («), « + 2y + z 


— 60 


.(») 




By snbtraction, 2* — y 


- 9 


W 




Subtracting (>) from (s>, and 


»-12. 




Whence, («) becomes, 24 — 


y— 


9; or, 


y-15. 


and P) becomes, * + 54 — 72 ; or, 


«-18. 



16. Let xe C's age. Then, SxsbB's age, and 6xai A'n age 
Whence, lOx « 140 ; a: = 14, C'i age, Ans. 

17. Let X an the daily wages of the hasband ; 

y= . " " " wife; 

and z « " «' " son. 

Then, by conditions, 

lOx + 4y + 3z =8 11.60 a) 

9x + 8y + 6z = 12.00 «) 

7x + 6y + 4z =. 9.00 (S) 

From the double of 0), subtract (2), and 11^ «■ 1100; or. 

tf 8SS 100 cents. 

This yalae of j?, being substituted in (2) and (S), and reduced, 

we obtain 

8y+6z»3.00 (4) 

and, 6t/(+4zn2.00 m 

(6) divided by 2, 3y -f 2z « 1.00 (») 
(»yfrom(4), 2^ + 2jr "-t 1.00 (0 

(7) from (6), and y,mt 

Whence, 2 «i }, cr 50 cents. 
(160) 



THREB OR HORB UNKNOWN QUANTITIBS. gS 

INTXBFRETATION 01* NEQATIYS BE8ULT8. 

(1«T, page 161.) 

1. Let X B the dailj wages of the husband ; 

y= " " wife; 

and z=* "4 " SOD. 

Then, bj the conditions, 

10a? + 8y+ 6z a. 10.30 (i) 

12x +I0y+ Az wx 13.20 m 

\bx + lOy + 122 «t 18.85 m 

Sabtract (2) firom (3), and 8x + 8z « .65 (^ 
Divide (i) and (2) each bj 2, then, 

6x + 4y + 3z « 6.16 (i| 

6a; + 6y + 22 a. 6.60 («> 

MBltiplj (5) by 6, and (6) by 4, and we haye, 
26x+20y+ 152 = 26.76 
24a:+20y+ 8z «= 26.40 

By subtraction, x + 72 =» — .65 (O 

or, &r+21za.— .1.95 

Subtract (4), 132 » — 2.60 

and 2=.— .20. 

Hence, the son was an expense for board, because the re- 

iult is minus wages; that is, he received the opposite of 

wages; 

TMb value of 2, put in (7), and x — 1.40 = .65 ; 

or, X =s .76. 
To obtain y, we mrst substitute the values of x and z io 

equation (i) or Qsu 



^ 8IMPLB BQUATI0N8. 

2. Let X = B's money ; 

and 3a: = A's " 
After each gained, B had x + 150, and A had 8x + 400. 
Now, bj the second condition, wa hare 
8« + 400 « 2« + 800 
x + 100= 0; or,j? = — ICO. 
That IS, B had no money, bnt waa actually in debt $100 
and A was in debt $300. 

8. Let X a the number. 
Then, by the condition, we must have 

^-^«12; 
4 3 ' 

8a? — Ax =a 144 ; or, — a? « 144 ; or, x « — 144. 

By applying onr judgment to the question, we obserre that 

the fourth part of any number cannot exceed its third part 

Hence the negative result. It is the third part that exceeds 

the fourth part, and when so taken, the number is + 144. 

4. Let X be the number of years that must elapse, and 
then his age will be 30 + ^ ; 

and her age, 15 + x. 

Now, by the condition, we must have 

30 + a? =a 45 + 3a7 ; or, 15 + 2a: = ; whence, a? = — 7^. 
Here the minus sign indicates that the years must be 
counted backwards ; whence, the husband's age was 22^ 
years, and the wife's age, 7^ years. In this case, 7^ multi- 
plied by 3, will give 22^, as required. 

(ICl, M2) 



INVOLUTION. g6 



6. Let — ss the fraction. 



Then, by conditions, 
and, 



x + 1 8 



y 6' 
X 5 

y + i'^f 

Thence, 5a? + 6 » 8y. O) 

7a? « 5y + 5. m 
Sam of a) and ii>, 12x a 8y. 

This yalne of x, snbstitnted in (i), wOl gire 

10y+15 = 9y; 

whence, y = — 16. 

This yalne of y, substituted in (3), gives 

a:« — 10; 
and the fraction is z}^. These are not numbers; but if we 
reduce the fraction algebraically, by dividing its terms by — 5, 
we shall then have § as an equivalent value. Hence, we can 
take the result only in its algebraic sense. 

If, to the numerator of z|{, considered algebraically, we add 
1, we shall then have s^^, or | ; and if we add 1 to the deno- 
minator, we shall have zli, or f . 



INVOLUTION; 
OE, FORMATION OP POWERS. 

We will take the first example, and perform it by what we 
shall call the primary method of operation, and then agair by 
the more elegant and summary method developed and ex 
plauied by J. H. French, called French's method. 

(1C2, 163) 

8 



(170, page 179.) 

1. Required the 4th power of 2a + 3x. 
To pat this into a simple literal binomial, we place P bs 2a, 
and Q = Sx. We are now required to find the ralue of 
(P + Q)*, in terms of a and x. 

(P + Q)* « P* + 4P«Q + 6PHl« + 4PQ» + Q*. 



P* — 16o« 




P*= 16a» 


4P . 82a' 


Q » 8« 


4P*Q — 96(^x 


6P« - 24rf 


Q'= Dar" 


6PHi'<«216(^a)' 


4P ~ 8a 


Q'-27«' 


4PQ' - 216«8» 




q* = 81a;* 


Q*» 8Lr«. 



Whence (2a + 3a?)* « 16a*+ 96a»a? + 216aV + 2l6aa^ + 
Six*, ^ns. 

When the powers are high, and the coefficients large oi 
fractional, this method becomes yery tedious; therefore, we 
abandon it, and take French's method. 

The general formnla is (ax ±: byY. The first coefficient m 
denote by d, the second by d, the t^ird by Ci, and so on. 



General Formula for CoeffidenU. 



Ci=-a- 

Cinb 
a 



C.(n- l)ft 
^' 2^— 

C.(n — 2)6 
"♦" 85 

In the giT«inexample, a = 2, fraiS, «>Ba,yB«, II—4 
fI7») 



P0WBB9 OF BINOMIALS. 87 

Thea, C, — a" — 16 

^ C,n6 16 X 4 X a o^ 
0,--^ « g » W 

C,(n — 1)6 96x3x3 
C, 25~ " 2x2 ^^^ 

C,(n - 2)6 216 X 2 X 3 
C. 3^^ ^-^ 216 

C,(n — 3)fc 216 X 1 X 3 ^- 
C» = 45 " 4x2 "■ ^^ 

Here the operation must stop, because the factor ia the next 
term (n — 4 s 0), is zero, making the whole zero, and^ in fact, 
closing the operation as it ought to be. 

Whence, 16a* + 96a^a? + 216aV + 216aD« + 81«* must be 
the required power. 

2. Expand (2a— 55)*. The general formula is (jaxzkiby ". 
Here a in the formula must equal 2, « » a, 6 as 5, y ■■ 6, 
and n SB 3. 

Then, Ci = a» = 2» =8 

a 2 

C,(n-l)ft 60 X 2 X 6 
C- ^ «_____. 160 

C.(n-2)ft _ 160 x1x5 
0.- -s^^ ■* 3x2 ' " *^* 

Whence, So* — 60a'6 + ISOoV — 125**. 
The second, and eTory alternate sign, mnst be minns, because 
b in the general formnla is minus, as applied to thk example. 

3. What is the cabe of 7a; ,+ 2ay. Here a -b 7, « » «, 
b = 2.y 'mmif, and n 5= 8, 

(I7») 



88 nnroLUTioK. 

C, = a- =7» =348 

O,-— - « ^ = 294 

r. _ Ci(» — l)ft 294 X 2 X 2 -. 
C. 5^j ^-^ 84 

r, _ 0.(n — 2)6 84x1x2 

V>4 -— gas sa O 

3o 3x7 

Whence. 343a» + 294ar«ay + 84aray + 8ay is the power 
reqaired. 

4. Expand (60 — 2c)». Here a=5, 5«=2,a?=a, y=c, 
and n aa 5. 

Ci = flr =6» =8125 

C.=.5l!L* _3126xlx2_g250 

a 5 

O _Oj(n — l)ft 6250 X 4 X 2 -^. 
C. ^ = g^^-g 5000 

^_C.(n-2)6_ 5000x8x2 

C._ ^ _ g-^^-g =2000 

p C«(n — 3)6 2000x2x2 .^ 
^ _ C,(n— 4)6 400x1x2 „„ 

^* Wa - — SITS ^^ 

Whence, 3126a» — 6250a*c + SOOOo'c'— 2000aV + 400«^ 
— S2<*,Ans. 

5. Expand (a^ + 3y»)». Here, a—l, «««», 6i«8 
y •« y', and n =■ 5. 

C, - o- « 1 

„ C,n6 1x5x8 ,. 

C.(»-l)6 15x4 X 8 : 
0.= ^^ g- 90 

_ C.(n- 2)6_ 90x8x3 
C. gj^ j^^^^_ -270 



POWERS Oir BINOMIALS. 89 

4a 4x1 

Cj(n--4)ft _ 405x_lo<^ ^ 248 
•™ 6a "" 5x1 

Whence, x» + 15xy + 90a;y + 270jfy + 405d!V + 

243y«', Ana. 

6. Expand (2c^ + (uc)*. Here, a » 2, x i- tf*, ft =» I, 
t< =1 ax, and n a 3. 

Ct = a" — 2' — 8 

0,nft 8x8x1 ,„ 
C.--J- 2 "^2 

- Oln — V)h 12x2x1 « 

c»^ — 25" 2ir3 — ® 

_ C.(n — 2)6 6x1 x1 , 
^♦"~~35 " 3x2 " ^ 
Whence, 8a* + 12a^a? + 6a*ji* + cfa^. 

7. Expand (j; — 1)*. This is the most simple form of the 
binomial, and can be at once written oat by the original 
formula. 

''. Expand (Zx — 5)*. Here, a a 3, x^x, b»b. 

y ■■ 1, and n >■ 3. 

C,=.a» - 3» - 27 

-' C,n6 27 X 3 X 5 -.. 
0.--^ - g- -186 

0.-5^i>-l?!^l^ = 225 

C.(n-2)6 225 X 1 X 5 " „ 

*'*" 35 " 3x3 "" ^^^ 

Whence, 27«» — 135a;« + 226x — 125. 

8* 



90 OTOLTmOV. 

9. Expand (40*6 — 2<fy Here a ■■ 4, x » a"fr« 6 m 
2i y ■■ c*, and n ■■ 4. 

Oi - a- - 4* » 256 

C.-^ .266x4x_2_^^2 

a 4 

^* 25 ■" 2x4 "^^ 

8a 8x4 

C,(n — 8 )6 128 X 1 X 2 ,. 

Whence, 256a"6* — 512aVc« + 884a*6V — 128a»fto» + 
16c*, Ana. 



10. Expand (ia + |a?)». Herea« }, a?«a,6«= j, y^ 
x, and n SB 5. 

C-a- -Q)» .«,\, 

_ A X S X i _ 



C^ ^ 0.nft 

0.-2^^=j,/4x,-|, 

0,(n-2)6 llxSxf _ 
8a 8xi "' 

Whence, ,\ya' + J|a** + ||aV + j||aV + |Jfoar* ^ 

In the text-book, the 8d and 4th coe£Scients are not reduced 
to their lowest terms. 

(I8») 
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X 



12. Expand (x + ^y. fiere a^l, a: ma x,b^^,y : 



-, and n =. 7. 

a 


1-1' 

lx7xi 


»1 
-1 


1 



C.( «-l)6 3 X 6 X i _ ^ 

C.(«-2)6 Vx5x j „ 
^' =• 3 X « S "^ 

C,(n-3)6 . VX4X j 

_C.(n-4)6! fgxSxi _ 

*^*- 6xa 6 " 

0.(n-5)6 |£x_2xj 

^' — Sirs 6 ^ 

C,(n — 6)6 /i X 1 X ^ , 

^•" 7xa " 7 ""» 

Whence, «^ + ia;» + V«* + V« + !l« + li«* + «\«* 4 

.Agar', iln«. 

Note. When th« fonnalM beoome familiar, we can drop a great por 
tion of tlieiii, as in the following examples. 

13. Expand (1 + ^aj)». Here as=l, 6a|, yi-«, ni-& 
0»= 1 

Q^^ V x4x| _,^, 



Wlience, 1 + V« + '1*^ + •f'*' + 'H*** + *il*«* 
(180) 



92 nivoLtiTioir. 

14. Expand (| — |ar)*. Here a = j, a? — 1, 6 — |, r = 

m, and n ^ 4. 



ttx4x< 

I 

V X 8 X I 



C^^ tix4x< ^_y 



0.- 

"* 3x| * 

Whence, ?l — V« + V** — *}•«!»+ %¥«*. -^n* 

15. Expand (a» — 8j/»)». Here o — 1, ar — x', 6 — — 8, 
y s y*, and n aa 5. 

C.„l2ii^>lZ-i 15 

0,^15x4x-3 ^ g^, 

^_90x3^X-8 _^_2^o 

^^^270x2x-3^ 406 
^^^405x1 X-8__3^ 

Whence, aP* — l&ty + 90aV — 270aV + 405*^ — 

243y»«, Ans. 

NoiB. WLen n is J, J, }, or any other fraction, the formula is th« 
vame; but the result is then finding a root, in place of a power. Thia 
will be fully illustrated in future editions of the Dnitersity Algebra. 

(180-) 



SQUARE ROOT OF P0LTN0HUL8. M 



EVOLUTION; 

OR, THE EXTRACTION OP ROOTS. 
( 187, page 186. ) 

Because the square of (a + &) is a' + 2ab + 6* and the cute 
of (a + 6), is a» + 3a»6 + Soft* + 6», and so on for other 
powers, therefore, in literal powers, we generally know the form 
of the expression, and consequently we know what the root 
must be without applying the rules for extraction. 

Thus, in the following example : 

What is the square root of 1 — 46 + W + 2y — 46y + y^t 

The first term of the root must be 1, and the last term y ; 
and — 4b, divided by 2, the double of 1, will give — 26. 

Hence, we may conclude that the root sought must be 
1 — 26 + y. 
By squaring this quantity we shall find the giyen expression. 

This is finding the root by inspection, which is frequently 
done in literal expressions. 

But suppose we required the square root of 
1 _ 56 + 36" + 2y — 46y + y« 

This expression has the same number of terms, the same 
letters the same signs, and the same general appearance as the 
preceding expression. But ii is not a square, and conse- 
quently we cannot find its square root. 

Hence, in algebraic expressions, whenever a square root, a 
cube root, or any other root is demanded, it is understood thai 
the given expression has such a root 

(186) 



M BVOLuncnr. 

8. What is the square root of 4a?*— 4x" + 18d;»— 6a? + 9 f 
The square root of the first term is 2a^. The second term, 

—. ia^, divided by twice 2x^, or isf, and — x, is the second 

term of the root The square root of the last term 9, la 3. 

Hence, 2a^ — x + ^, must be the root songht, if tb« gireii 

quantity is really a square. 

A more formal solution is as follows : 

4x* — 4a:» + 13a:« _ 6a?+ 9(2«» — a: + 8 
4ar* 



— 4a;»+13j:" 
4a:»_ w — 4a;»+ x" 

iajT* — aa: + 9 
4««_2x + 3 12a?* — 64? + 9 

4. Extract the square root of 

4a?* — 16a;* + 24a;*— 16a? + 4(2a:« — 4« + 2 
4ar* 



— 16a?» + 24a?« 
4a?» — 4a? — 16a* + 16a;» 

8? — 16a? + 4 
4a:» — 8» + 2 8a?*— 16a? + 4 

5. Extract the square root of 

16ar* + 24a?* + 89a?* + 60« + 100(4«* + S« + Itt 
16a7* 

24^+ 89a?* 
8a?* + 8a? 24a?* + 9a:* 

80«* + 60a? + 100 
8«» + 6a? + 10 80a?* + 60a? + 100 

flM) 
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6. Bxtract the sqaare root of 

4jr* — 16«» + 8«» + l&r + 4(2«»— 4fl?— 2 

— l&r»+ Sx" 
ix" —4af — 16rf + 16a?« 



*a;« — 8a? — 2 — 8a:» + 16« + 4 

7. Extract the sqaare root of 

a?* + 2a?y + 3/* + 6a?z + 6yz + 9«'(a? + y + 3f 

xJI 

2a?y + 3/» 
2ir + y 2a?y + y* 

6a?z +%« + 9«« 
2a? + 2y + 3« 6a?« + 6yz + 9z* 

8. Extract the sqaare root of a* — a6 + ^6'. 

By mere inspection we perceive that the root is a — 1&; and the 
roots of examples 9 and 10 are equally obTioas from inspection. 
The first term of the root of 9, is obvioasly — ; and if the 2d 
term is not obvioas, it can be discovered by dividing — 2 by 
•p whichgives — ^ X 2H" — a- 

11. The first term of the root is 1, and the seeond ii -^ 2f ; 
hence, we have, 

l-^z+10z«— 202»+252*— 24a;»+16««(l— 2«+3«^— 4«* 
l_4z+ ^z* 
X— U^3z« 62«— 202»+26z* 

6z»— 122*+ 9z* 
2-.d4z^ 6z«-^z» — 8z»+162^-242»+16«« 
— 8z»+l62<— 24z»+16*» 
C187) 



96 svoLij*noK. 

12. a» — 6a»c + 16a*c» — 2a»c' + 16a*c* — 6ac»+<^. Thin 
we obserre to be the sixth power of a — c ; hence, the sqiun 
root of the giYen power mast be the third power of (a — c) ; 

or, o^ — 3a*c + 3ac* — c*, Ans. 

13. 2* ~ 2z + 1 + 2z;i — 2^ + A'. Here we obserTe the 
square of z, of 1, and of h^ and twice the product of z and 1, 
of z and h, and of 1 and h ; hence, the square root must be 
z i-h — 1, or, 1 — h — 2. 



SQUABS ROOT OF NUMBERS. 

( 18», page 190. ) 

To aid In extracting the square and cube roots in numben, 
we should have the powers of numbers before us, as in the fol- 
lowing table : 

Numerals, 1 2345678 9 10 
Squares, 1 4 9 16 25 86 49 64 81 100 
Cubes, 1 8 27 64 125 216 343 512 729 1000 



k 



3. Square root of 88,36(90 + 4 

2 a = 180 81 
Second divisor, 2a + 6 = 184 7 36 

7 36 

We have solved several examples in this article by another 
method. For another solution of this example, see page 100. 

4. 10,69,29(827, Ang. 
a»« 9 

2a + 6— 62 169 
2a + 2&» 64 124 



2a + 26+ c«647 45 29 
45 29 

"^or another solution of this example, see page 100. 
(187-190) 
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6 







478,29,69)2187 


«? 




4 


2a + b 


41 


58 
41 


2a + 2b + o 


428 


87 29 
84 24 


2a + 2b + 2e+d 


4867 


8 05 69 
8 05 69 




48,04,67,21(6561 



a* 86 



2a +b 125 7 04 

6 25 



2a + 26 + 1806 7967 
78 36 



18121 181 21 
18121 



T. 8,87,42,04,89(19688 

a*— 8 61 



2a + b 886 26 42 

2816 



8a + 26 + o 8928 8 26 04 
8 14 24 



89868 11 80 89 
1180 80 



(WO) 
o 



96 
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8. 12,09.99,62.25(84786 9. 65,96,03,86.56(S1216 


9 64 




64 8 09 161 196 


2 56 161 


687 53 99 1622 


36 08 


48 09 


82 44 


6948 5 90 62 16241 


2 69 86 


5 55 84 


162 41 


69565 34 78 25 162426 


97 45 66 


84 78 26 


97 46 66 


For another solntioa of this exunple, see pa^ 101. 


10. 8,42,69,41,44(i8512 




8 24 




865 18 69 




18 25 




8701 44 41 




87 01 




87022 7 40 44 




7 40 44 




11. 2,57,87,88,66,97,96(1604286 
2 5S 




til «/V 

8204 1 37 33 




12816 




82082 9 17 56 


12. 10.4976(8 24 


6 4164 


9 


820848 2 75 92 97 


62 149^ 


2 66 67 84 


124 


8208666 19 26 18 96 


644 2576 


19 26 13 96 


^676 



(ISO) 
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18 8271.4207(67.19+ 14. 4795.25731(69.247 + 



107 771 


129 1195 


749 


1161 


1141 22 42 


1882 84 25 


1141 


27 64 


11429 110107 


18844 6 6173 


10 2861 , 


5 5376 



. 13848 1079710 
For another solution of this example, see page 101. 



16. 


.00032754(.01809 + 




1 


28 


227 




224 


8609 


1 85400 




32481 


20. 


7225(85 




64 


166' 


825 




825 


22 


8804 4 2 
7434" 9 "F 



17. .00108041(.0321 
9 



62 



641 



180 
124 

~~641 



17689(133 
169 

268~T89 

789 ^, Jtu. 



23. 



2704 16 
4226 "25* 



(I«f,Wl) 
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24. .7o(.8660 + 


26. 


5 m, .Tin + (.8819 4 


64 




64 


166 1100 




168 1877 


096 




1844 


1726 10400 




1761 8377 


10866 




1761 


1782 4400 




17629 161677 
158661 



Non. The square roots of nambers can be found, nore or less ap- 
proximatelj, bj any person who ean operate in diyision, by conceiTiDg 
the square root to be, as it really is, one of two equal factors of the 
given number. 

By assuming one fsctor, and diTiding the number by it, we shall haye 
the other corresponding factor ; and if one of them is less than the root, 
the other will be greater, and the root will be very nearly midway be- 
tween the two. In fact, it will be a very UttU leu than the half mm of 
the twofaetore, I 

We will solve, bj this method, a few examples in the last 

article, commencing at 

(Page 190.) 

3. Required, the square root of 8836. Here are two pe- 
riods ; hence, the root will consist of two digits. The root of 
the left-hand period is greater than 9, and consequently the root 
is more than 90. Suppose it to be 96. 
96)8886(92 
864 
196 
192 



Thus we learn that the two factors, 96 and 92, will give a 
product a very little less than 8836. Therefore, the square 
root roust be between 92 and 96. It is 94, Ans. 

4. What is the square root of 106929 f In other words, 
find two equal factors of 10,69,29. Here are three periods, 
and the square root of 10 is greater than 3, and consequentJj 
the whole root is greater than 300. Suppose it to be 320. 

( 191 ) 



SQUABB HOOT OV KUUBIBa 

82I0)10692|9(834 
96 



101 



109 


i34 


96 
132 


820 
2)654 


128 


827. Ana. 


iVV 




9 8l|000)66960S8|656(81482 


648 
116 


Irt factor. 81000 


81 ^ 


2d " 81482 


860 


2)162432 


824 
263 


81216, sq. root 


243 




208 




18. What iB the cnbe root of 8271.42077 


^snuned fiwtor, 57)3271.4207(57.8988 


285 




421 


1st factor, 57.000 


899 


2d " 67.3988 


224 


2)114.8938 


171 


67.19666, aq rout 



682 
613 
190 
171 
197 
Thm we might operate with anj nvmber of examples 
9* (MO') 
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CUBE ROOT OF ALGEBRAIC EXPRESSIONS. 
(101, page 194.) 

Note. The cube of a monomial, or single term, as a, is a*; 
the cube of (a+h)is(^ + Sa*b + Sab" + ^ » and the cube of 
the sum of any two quantities, or letters, is always in this form. 
Hence, if a quantity is not in this form, or cannot be reduced 
to this form, it is probable that it is a surd,' or that no cube 
root of it exists. Also observe, that the cube of a — b \b 
«i_3a«6 + 3a6» — 6». 

In either case, the first and last terms of the cube are cubes, 
The cube consists of 4 terms ; in one case the terms In the 
cube are all plus, in the other case, alternately plus and minua 

If we should require the cube root of a* + 2a6" + €Lb*+ 6', 
we should recognize at once that the quantity is not a cube 
and of course that a cube root is impossible. 

Hem^e, whenever the cube root of an algebraic expression 
is required, it is presumed that the quantity is a cube. 

1. What is the cube root of 8 + 12a + 6a' + a?. 

Here we have 4 terms ; the first is 8, the cube of 2 ; the last 
is a', the cube of a. Hence, if a cube root exist, it must be 
2 + a. 

2. What Is the cube root of 27a» + 108a« + 144a + 64 f 
Here again we have 4 terms, all plus ; the first term is the 

cube of 8a ; and the last term is the cube of 4. Hence, again, 
Sa + 4, must be the cube root of the whole in case a root 
exists ; and by cubing 3a + 4, we shall discover that the whole 
expression is a perfect cube. 

3. What is the cube root of a» — 6a*a7 + 12aa^ — 8a;» ? 
Here the number of terms is 4. The first term is a cube 

and so is the last, and every alternate sign is minus. Therefore, 
a — 207 must be the cube root of this quantity. 

cm) 
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108 



We caa find the second tenn of the root, bj taking the 
second term of the cabe — 6a*x, and diyiding it bj 3 times the 
square of the cube root of the first term. 3o") — 6a*a? ( — 2x. 

Were there a remainder by this division, it wonld show that 
the expression was not a ci^e. 
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(!•», 


pa^l98.) 


a 




148,877(68 




6** 


125 




Trial diT. 7600 


23 877 


158 


459 7950 


28 877 


4. 




671,787(88 




9 


612 




Trial diT. 


19200 


597 87 


248 


729 


19929 


597 87 


6. 






1,867,681(1,11 



Trial diT.. 
881 881 



11* 

86800 

86631 



1831 



86681 
86681 



867 



2,048,888(127 
1728 



8a'— I 43200 820888 
2669 45769 820888 



7. 


16.581,876(255 
a 


Trial dir. 


1200 "8 581 


65 825 


1525 7 625 


Trial div. 


1875 956375 


755 3775 


191275 956876 
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8. 




44,361,864(864 




Trial diT. 


27 
2700 17 861 


95 


475 


8175 15 875 




Trial diT. 


367500 1486 864 


1054 


4216 


871716 1486 864 


9. 




100,544,625(466 




Trial diT. 


64 
4800 36544 


126 


756 
Trial diT. 


6556 83 836 




634800 8 208 626 


1385 


6925 


641725 8 208 626 


10. 




12,858,485,828(2812 
8 
1200 4 858 




Trial diT. 


63 


189 


1889 4167 




Trial diT. 


158700 191435 


691 


691 
Trial diT. 


159891 159 391 




160088 82044828 


6982 


13864 


16022164 82 044828 


n. 




099,700,029,999(9999 




Trial diT. 


729 
24300 270700 


279 


2511 
Trial diT. 


26811 241299 




2940300 29401029 


2979 


26811 


2967111 86 703 999 




Trial diT. 


299400300 2 697 030 999 


29970 269811 


299670111 2 697 030999 






(1*8, 1M-) 
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2,456(18.49 + 


Trial dlT 


60700 


2197 
269000 


894 1576 


62276 


209104 


TruddiT. 


63868 


49896000 


4029 86261 


5428061 


48807649 



1088451 



18 



85 



469 



Trial dfr. 


806 


176 


476 
675 


4181 


71631 



.004,019,679(.16& 

1 

8 019 
2 375 
644 679 
644 679 



14 



891 



Trial dir. 
891 



8987 27669 



2,287.148(18.175 • 
<f » 2 197 
60700 



61091 



6148800 
6176859 



90148 
61091 
89 067 000 
86 231 118 
2 825 887 



HoTa. .When we know that s number is a complete eabe,aod the reel 
less than 100, we can detentiine it by simple inspeetton; tb«s,'lnSz- 
ample 8, what is the cnbe root of 148,877 ? 

The enperior, or left-hand, period is 148: the cnlw nnnber next less 
is 126, the root of which is 5; hence, the root is between 50 and 60. 
The nnit period is 877, the nnit figure 7 ; and none of the cube numbers 
(single digits) have 7 for their unit figure except the cube of 8, which is 
27 ; therefore, the unit figure in the root must be 8, and fhb whole root 
68, Ani. 

(199) 
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4. Required the cube root (k 671,787. Tke cube root must be 88, be- 
eanse the oube of 8 is 612, the cube next lees than 671 ; and the unit 
ifi^re in the root must be 8, becaiiBe the tinit figure in the enbe is 7. 

Again, the number 866,048 is a cube: what is its cube root? Atu. 72. 
The teacher may multiply eiamples at pleasure, giting numbers whose 
cube roots are less than 100. 

(194.) 

OUBB ROOT OF NT7M)3]BRS Bt BQUAL ^AOtOBB. 

The cube root of a number is one of three equal factors of 
that number. Having one factor of a number, we can obtain 
another by dlTision ; and having two factors, or the product 
of two, we can obtain a third factor by the same method. 

Keeping these principles in view, any one who can multiply 
and divide numbers can extract the cube root more or less ap- 
proximately. To illustrate this method, let us take Example 
14, the one just solved ; that is, let us demand one of the three 
equal factors of 2287. 148. 

The cube of 13 is 2187 ; hence, we know that each factor, 
or the cube root, must be between 13 and 14. The product 
of 13 by 14 is 182; and if we divide 2287.148 by 182, we 
shall have the third corresponding factor ^ thus, 
182)2287.148(12.66674 



182 






467 


Three factors of the gfiven 




364 


nnmber are thns found 


/ 1 


1031 


to be, 




910 


12.86674 . 


1 


1214 


18 




1092 


14 




1228 


Bum, 8)89.56674 




1092 


13.18891 




1360 






1274 







860 
10 ( IM ) 
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Whence, we learn that 18.18891 most be near in ralae to 
one of three eqaal factors of the number, or, in other words, to 
one third part of the number One third of the sum of three 
unequal factors of any number we know is always a little 
greater than the cube root ; and the error increases as th<» 
factors become more unequal, and diminishes as they become 
nearer and nearer equal; and, by repeating the operation, 
we can obtain the approximate cube root to any required de- 
gree of exactness. The cube root, in the present example, we 
know to be less than 18.188, and greater than 13.1 ; we win 
therefore assume it to be 18.16, (18.16)* « 178.1856. 

173.1856)2287.148(18.2063 
1781 856 

555 2920 Thus, the Ist factor is 18.16 

519 5568 2d " 18.16 

85 78520 3d " 13.2063 

8463712 3 )39.5263 

1 0980800 Cube root, 13.1754 

1 0391136 
5896640 

For another illustration, let us take Ex. 11, page 199 of 
the text-book : 

What is the cube root of 999700029999 f 

We will assume 10000 as one of the factors ; and as the 
factors must be equal, let the same number be another factor. 
The product of these is 100000000. Taking this for a divisor 
to the given number, the third factor must be 9997yi;§SSJJ^D. 
But we may reject the fraction, because the absolute quotient 
iR always a little too large. 

f 199) 
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Whence, for one factor, we hare 10000 

For another, 10000 

For the third, 9997 

8)29997 

Therefore, one of 3 equal factors mnst be 9999, Ans, 

Non. When the giren nnmber is known to be a eabe, thie method is 
less troublesome than the direct, exact, and sdentUlo method. We will 
illustrate by Example 9, from page 198. 

Oiven 100,644,625, a cube, to find its root 

We know that the enbe of 4 is 64» and of 6, 126. Hence, we know at 
once that the cube root must be between 400 and 600, because 100 is 
between 64 and 126, and we know that it must be nearer 600 than ^00. 
Hence, we will suppose it to be 460. 

(460)> = 211600)1005446126(476 

8464 

15904 Ist factor, 460 

14812 2d " 460 

TAoofl 8d " 476, fraction omitted. 

10580 8 )1896 

846 Three equiyalent to 466, Am. 

Other Contracted Methods, 

The method giyen in the text-book, on pages 200 and 201, 
is safficientlj illustrated on those pages. 

TVe will now show the application of French's method of 
binomial coefficients to the extraction of cube roots. 

Any number may be represented by a'&, and its cube root is 
a v^&. That is, any number contains some cube number as a 
factor. The other corresponding factor h may, or may not, 
be a cube. If it is a cube, let it be represented by n*. Then, 
the number itself will be c^n*, and its cube root an, the 
p»rodiu:t of the cube root of each factor taken separately. 

(l»g, 199) 
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Thus, the nnmiber 8875 ii a cube, beoanse it is tlie piodaet 
of the two cabe nnmbexB, 125 and 27. The cube root is 5 x 8 
oris. 

The cube root of 29 can be found as follows : 

Oonceiye 29 to be the product of two factors, one of which 
most be a complete cube, as 27. The other factor is 1.074 +. 

The cube root of 27 is 8, and the cube root of (1+.074;, is 
(1+.074)*, and consequently, thecuberootof 29is3(l+.074)i. 

Let o = 1, and 6 « .074. Then (1 + .074)^ « (a + 6)-. 

Now, (a + b)\ is easily expanded into a series, by French's 
method for coefficients, n » ^. 

C| = a--l^«l 

^^^Cg6^ lxi^X.074 ^^24f 

0.^ >024|x(i-l)x.07i ^_(.024|y 

^^^-(024|yx(^i-2)x^^^p,^^| 

1st and 2d terms a 1.02466666 

Less— 3d term » .00058244 



Algebraic sum of 8 terms » L02408422 
+ 4th term « .00002894 



Sum of 4 terms » 1.02410816 

Cube root of 27 a 8 



Cube root of 29 » 8.07232448 

This result must be a trifle too large, because the 5 term 
will be minus. But we may take as many terms as we p1el^m. 

(200) 
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and therefore, by this metJiod, we can directly determine the 

cube, or any other root of any number, to any required degree 

of exactness, 

(105, page 201.) 

1 What is the approximate eabe root of 122 1 

Observe that 122 — 125 — 8 — 126(l — j|g). 

Or, 122 « 125(1 — .024). 

Whence the cube root of 122 is equal to 5(1 — .024)*. 



This corresponds to (a — by ; 
Whence, 

C,= lx— ix.024 



0,« 
0, 



—.008(^ — 1) — .024 

2 
— .000064(^ — 2) — .008 
3 



a » 1, & B .024, n » |. 

1 
-—.008 

»— .000064 

» — .0000002844 - 



^^ ^ -0000001422(^-8)-.008 oOOOOOOOOTm 

From 1 

Subtract sum of 4 terms, .0080642851684 

Sum of the series, 



Multiply by 5, 
Cube root of 122, 



.9919357148316 
b 

O596785741580 



Note. This should be trae as far as ten deoimal places. The answer 
m the text-book is only approximate, corresponding to the first opera- 
tion under that rale. 

2. What is the cube root of 10 7 
10 « 8 + 2 « 8(1 + i). Cube root « 2(1 + i)K 
C,= 1 

c, = ix Jxi=^ A «-088 

' (Ml) 

10* H 
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0,-=jdi^M - + .000966 

^^_,mm^^ —.000161 

0. - ->00016Ki-4)i _ _ ^ 0000209514 
0,-^gggg- ^^f(*-^H — .000004076. 

+ Pint tavM. — Hlniu tormi. 

1.0833333883 .0069444444 

.0009660000 .0001610000 

209514 40740 



1.0843202847 0071095184 

Sabtract .0071095184 

1.0772107663 
Multiply by 2, or the cube root of 8. 

2.1544215326 

This is a trifle less than the true root, because the next term 
of the series would be plus. 

8. Required the approximate cube root of 720. 
720 = 729 — 9 «= 729(1 _ ^|^) » 729(1 — ^\). 
Cube root of 720 « 9(1 — ^\)K Here o « 1, 6 « — ^, 

Ci5= 

(801) 
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_ ^, = - .004115226338 

_Q,)»=i .000016985089 

-_<^,)» = . 0000000696917 X | ■= .116162 

_ f„l,)* ^ .0000000002869 x V «= .956 

SnbtTftct .004132278536 

From . 1^ 

Difference, 0.995867721476 

9 

Cube root of 720 = 8.96280949328 

4. What is the approximate cnbe root of 345 ? 
845 = 343 + 2 = 343(1 + ,|,). V345 =» 7 X (1 + ,f,)*. 

C- 1 

1 



0, — 1 X g X gj^ 

i\Z V843 



3 343 843 X 3 ' 

4 



O,=» 1029V3 ;843 _— ^-__, 

C4 = (843)' X 9\3 78 48 - ^jg-^iSL 
o 
let and 2d terms, 1.0019436346 
4tb term, +, .00000001221 

Sum of plus tenus, 1.00194364681 
3d tenn, minus, — ^ .00000376919 
1.00193987762 

Cube root of 343 is 7 

Cube root of 345, 7.01367914334 True to 10 places 
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6. What is the approximate cube root of 520 f 
V5a0= V612 + 8 - V'5l2"yi-»-,f3- 8(1 + A)». 

0,- 1, 

C.-1 — ix,V -Tij; 

o« (Tiii)'^4^A-(T4,)*i} 

T^i -1 .00520883, (t|j)« — .00002712678, 
(t4,)* — .0000001418, (tI,)* » .0000000007 ; whence, 
Ist and 2d terms of the series, 1.0052083888 



4th term, pins, 


.0000002355 


Sdterm, .00002712678 


L0052085688 


6th term, .00000000048 




.00002712716 


Subtract .0000271272 


Sam of the series. 


1.0051814416 
8 


Cube root required. 


8.041451828 



6. What is the cube root of 66 1 

V65 » VelTi — 4V1 + ^\. 

Here the valaes of a, b, and n, are the same as in the pre- 
ceding example. Therefore, the valae of the series wOl be 

the same. 

Hence, 1.00518144 

4 



Onbe root required, 4.02072576 

NoTi. —We will now appljr this method to a complete eabe in whol« 
numbers. 
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Soppose the cnbe root to be 2800. The cnbe of ihia fa| 

21952|000000)220691810125(1.00532 

21952 



117810 
109760 
70601 

Here a = 1, ft =< .0063, n — |. 

O,«lxjx0053 -.00177 + 
0. - •0»177(i-l).0058 ^ ,,i„j. 

e* - -000177)^|-2).0053 _ ^ ^^j„^ ^ ^ 

Sam of the plas tenoB, 1.0017700092 
Minas terms, .00000318^9 



Sam of the series, 1.0017668763 

Maltiplj by 2800 

80141350104 
2003.6337526 



Oabe root, 2804.95725 

This is a small fraction less than the trae cnbe root, as ti 
ought to be, because the decimal, .00177, was not carried oat 
to its fall yalae. The trae cnbe root is 2805, and oar result 
is ivithln A small fraction of that number. We know the unit 
figure In the root must be 5, because the unit figure in the cube 
is d, and the number was given as a complete cube. 

9. Here the number is given as a perfect cube. The unit 
ig^ure in the cub^ is 8. Therefore the unit figure in the rool 
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most be 2, and the cube itself mast be divisible by 8, without a 

remainder, and the quotient most be a cabe ; whence, 

8)41135081408 

8)5141885176 a cube, 

642 735.647 

i^fter the first division, the unit figure is 6, an even number ; 

therefore, the whole is diyisible bj 2, and possibly bj 8. Ger- 

taioly by 8, or by 216, the cube of 6. We try 8, and find the 

second complete quotient. This must also be a cube. This 

last cube contains only three periods ; and the superior one is 

642. The greatest cube in this is 512, the root being 8. Three 

times the square of 8 is 192, the trial divisor for the next 

figure. 

From 6427 

Subtract 512 



192)1307(6 
1142 
The next figure is therefore 6, and as the unit figure of tbe 
cube is 7, the unit figure of the root must be 3. 

That is, the cube root of the cube 642735647, is 863 
Multiply this root by 2, twice, or by 4 ; thus, 4 

Whence the root of the given cube must be 3452 

10. The number 125.525.735.343 is a cube. What is its 
root ? There are 4 periods, therefore there must be 4 places 
in the cube root. The superior period is 125, and its cube root 
is 5. The second figure is obviously 0, and the unit figure 
7, therefore we would at once try 507. That is, cube this 
number^ and thus discover whether it be the true root or not 

The true root might have somfsignificant figure in the place 
of 10, for aught we could discover by observation. 

(203) 
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REDUCTION OP RADICALS. 
(aOO, page 205.) 

Omit the factor without the radical, for a moment, until the 
one under the radical is reduced. First separate the^quantltj 
under the radical into two factors, one of which is a complete 
power. Thus, >^ a^y^ — a;*^, is equal to ^^a:y x (a? — y). 

Extract the root of the complete power, and bring it with- 
out the radical, and we shall have xy '^ x — y. Multiply this 
result by the factor omitted, a:y, and we shall have s^y^ >f x — y 
for the reduced expression. In like manner, perform all other 
examples in this Case. 

10. V366c* X 2ac « ^ho >f2ao' 

^ 

246c v^2ac. Am. 

11. V^49a*«« X 3ay = 7a«a? v^Hoy 

2a 

J 2. yi25xar«6VF 

J 

25 Vx, Ana. 

13 (32c» X ac)* = 2c«(ac* 



14 ^^(^^=laM^Oa« (a —6) ^/a 

(g +h) 

(205) 
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16. if >/(«« — 2«y + y«)xy- d(fl? — y) %/i^ ^n«L 

17. ^86«" X ^xy mm ex '^'Sxy, Ana. 

18. (SaV X 8a?«a:)* » 2«y(3a!»z)*, Jn«. 

19. (27m* X 2a)^ » 8f»»(2a)*, ^»w. 

20. yaV(a — 6)« a««(a— 6)^ ^m, 

(aOl, page 206.) 

6. (a + ca?) must be raised to the 4th power, and put 
under the index for the 4th root, the value then being the 
same, but form and appearance very different • 

((a + cxy y = (a* + 4a»ca: + 6aVd;» + 4ac»a:» + cV)* 

6. Square each factor; (a'\^c)'"s= v'oV, Ans. 

7. Cube each factor; 27a" X 2a% and ^MS^, Am. 

8. Cube each factor, (2a — c)" x 4 ; then, 

(82a" — 48a'c + 24ac« — 4c»)^, Ans. 

9 Raise each factor to its 5th power. 
i<^ to 5th power is 10240**; ac is the 5th power of the other 
factor. Product, (1024ac")^ Ans. 

10. (a^a^ X (a + hxy) )i — V^^M^ S^g^^ ^^ 
(SQ5, SM) 
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11. ab + X, squared, is (ah + x)\ The square of the other 
rhetor is a V — 2ahx + a^\ or, it is {ah — a:)*. 

Whence, {ab + x)« x {ab — x)^ = (aV — «*)* i 
hence, ^a*6* — 2a*b*x^ + a^, An& 

12. ((a* — 2a*6« + 6*)X«)*«=(«^ — 2a^** + «^)*- 



ADDITION. 

(a03, page 208.) 

Radicals can be united into one sum, or one term, provided 
tbe same quantity is under the radical, to form a unii of addi- 
tion ; or, provided we can reduce the several terms to the same 
-unit of addition. 

3. S\^Sa*x and aV^48ar can be united in one sum, because 
tbe first term is equal to ^a^/'dx, and the second is the same 
as a^/lQ x 3ar = 4a\^3jr. Here \^2x is the unit of addition. 
The sum is obviously 7a^^Sx ; and the difference is a^Zx. 

4. ^/SOm « \/l6 x 6m « 4\/5m, and ^/l2bm -r 
V26 X 5m =a 5^5m. Sum, 9v^5m, -^nir. 



6. \/72 » v/36 X 2 = 6\/2. \/l-28 « ^^64 x 2 « 
8%^2r V8 = V4x 2 = 2\/2. Sum is 16^2 ; the square 
root of 2 being the unit of addition. 

6. Ist term, «yv^Sa; 2d, nxy^/Za; 3d, 2xy>/Za 
Sum, &Byv^3a. 

7. Ist term, a\/2xy ; 2d term, 6\^2j^. Sum, 

(a + 6)v^'2^ ^fM 

(J07, aw) 
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8. a^x — y + ^a'/x—y « Zay^x — y, -4fw. 

9. \/80aW » v/l6a*6» x 6 « 4a6v^. v/245aV — 
\/49o»y X 5 « 7a*y^5; Sum, (4o6 + 7flC*6»)^5. 

10. av'S^ — 3a\/3". \/T2^— 2a^3i. v/3fi»a?« 
i\/3i Sam, (6a + 6)^3^. 

11. \/2a* « a»v^2 ; 2\/25V « 2a6\/2"; v^26* « &«v/2: 
Sum, (a* + 2a6 + ^)^2 ; or, (a + &)'^2, ^rw. 

12. Sum is obviously 2*'a« + bs/a^ ; or, 7v^a*, ^n«. 

1 3. V/270o»m s V27a» X 10m « 8«(10ni)* ; Vi260Wm 
terVl26yxl0m-. 56(1 Om)*. Sum, (8a + 56) (lOm)*, Am. 

14. V^ =3 Va;« X xy =» a^^xy. VSa;'^* x ary =» 
2a?yV^ v^i^ =3 Vy* X xy sa» y^^xy. Hence, (x+yyi^jcy. 

15. 1st term = |\/a ; and 2d tenn =s J\/a. Hence, \/a 

16. 1st term a-v/ft, 2d term 6v^a. Sum, a\^6 + 6v^a. 

17. 1st term, a?V^; 2d tenn, a;Vn. Sum, x{\^m + Vn)r 
Here 0? is the unit of addition. 

18. 1st tenn, 2 x 2av^6 = 4a Vt; 2d tenn, 6av^6. Sum, 

U). Ist term, VaV(a? — y) « ax^x •*- yj 2d tenn, 
axi/(x — ^y). Sum, 2aa;(a; — yy, 

(2M; 



SUBTRACTION. 123 

SUBTRACTION. 

(304, page 210.) 

8. ^U^ah^ » \/81ar*x 2y =.94^27 
4%/ 8ar*y= 4v^ 4ar* x 2y « Sx'v^ 



4 %/20a*yy =» \/4a*6« X 56y « 2a«6\/66y 

a*b^/bby, Ana, 

6. 3</l28a«6c « 3l/64a» x 2ftc = 12a</2ftc 
4fll/T6Sc =- 4ai/Tir26c « 8o </2fec 

4al/2bc, An^. 

6. ^/3755*6 = Vl25a" X 3a6 = 5a«^a6" 
t/"24S5*= 1/ 86» X 3a6 = 26^3^6 



(5a — 26)VsS,^n«. 

7. 3(16a» X oft*)* = 6a«(a&«)* 

2afa* X o^)' = 2a«(oy)* 

4a»(a5»)^ ^iw. 

8. \/3a»c+6aftc + 36»<? « V(a* + 2a6+ 6»)3c=i (a + 6), 
\/3c, v/l26«^ » v^46« X 3c a 26\/3c 

Prom (a + 5), take 2b, and (a — 6) v',^ Arts. 

9. V2??=r \/aV X 2a = ocv^ 

ocv^ — cv^, ^nt 
Here we hare do common unit of subtraction. 
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10. y/cf—a^b -m ^5«(«^6) — a^/a^F 
y/at^ — Vm, '^bXa—b) — 6v^a^£ 

(a—if)'</a^b, Anm. 

12 6^82"- 6v^ 8x4 . 12v^4' 



lOVi; ^n* 



18 2 V32<i> X a« a 4av^a' 



4^o»6« 



82«« X a«- 4a^iF 1 ,v..^ . t i 



MDLTIPUCATIOK. 
( I30ff, page 211. ) 
8. 5v^a'ci» B 5o^^m, ^n«. 

4 12VlOO^— 120arv^ Jn* 

5. 2v^27^— 6a;4/^4«t. 

6. e-J^SxT - 12^77 ^«fc 

7. 6%^-6'x3 = 18, .4n«. 

8. 12-V/T6'- 12 X 4 = 48, .411* 

9. vTx"l50 « ^900 — 80, Ana. 

10. Prod. v'^= Jv^, ^n*. 

11. Prod. av^6^+ ft, obi^ons. 

r 210, 211) 



MULTIPLICATION. 12S 

12. Prod, of sum by diff. ■= diff. of ftqaareSy a?* — y, Jns, 

1 3. Diff. of sqaares is m — n, Ana 

14. The square of ^/a+ \^c is a | 2v^ao + c, Am. 
lo. Result obvions. ac(bd)^f Ana. 

16. Result, 2c(S(fVd)i ^ 2ac(Bm)K ^na. 

17. Prod. (arV)* = ^> Ana.. 

(a06, page 212.) 
2. a* X a*. 

We multiply like quantities by the addition of their expo- 
nents. We therefore add ^ and ^ => |. Hence, the pro 
duct must be a^, Ana. 

4. Let P represent the required product 

Then. P - >/}x (I) . 

1 /8\i 
Squaring both memben, P* ■« 2"^ \8 / * 

Gabing both memben, P* — g-X (g) — 8"v~§r 
Take the 6th root, and P — s-x (g) , Jiw. 

5, P - v/2 X (2)1 . 
By squaring, P» — 2 x (2)^ = 2^ 
Extracting square root, and P =. 2^^^ — (Z*)!*' « (128)t'" 

(211, 212) 
11* 
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6. Same m ^ bj writing (a + b) in place of a; 

whence, (a + 6)«, iliML 

7. P — 4v/a X 3ft(d + a?F, 
By sqnaring, P« -t (126)»a(d + «y. 
Raise to the nth power, and 

P*- - (126)*'a- (d + xy « (12b)^ X (tf"(d + x)^ 
Taking the 2nth root, and P » 12&(a*(d + xy)h, Aiu. 

Raise to the 4th power, and 

_. O' 0^ o» 



Take the 4th '•oot, and P = (^^ . 



DIVISION, 
(aor, page 2140 

8. The quotient is obviously ^^260^ ; reduced, 5av^y, Ana. 
4. Quotient, 2\^100m' ; reduced, 20m ^/m, Atul 
6. Quotient, \/20"; reduced, 2\/6, -4n«. 
(21J-2I4) 



DIYISIOK. 1ST 

6. Quotient, ^/9 «= 3, Ans. 

7. Quotient, 4 \/l2; reduced, 4 % 4x3 = 8 \^W, Ans, 

8. In any division, the product of tlio divisor and quotient is 
equal to the dividend. Therefore, let Q represent the quotient; 

•j5Qs-3V^10. 
By squaring, 16 Q«= 9 x 10. 

Dividing by 3 x 5, and Q*= 3x2 = 6, 

Q «= v^e, Ans. 

9 Q»a6 = a^b% or Q» = fl»6c, 

Q «= a(bc)^ 

10. Dividing term by term, and 

4(ary)* ass 4a?i/ x ^y, ^m«. reduced. 

11. By division, (h^cc^^ « (f(5«c)* Ans. 

1 2. Quotient, y/^^I^b = v^a?(l -I^) « a\/l— oA, 



15. Wl'\/I 



o«- — * ci« — =. ^^ 
^6~y ^"oy ay 

^ 1 , 

Square root, Q = — \^.i6«y. 

(aOS, page 215 ) 

Let Q represent the quotient in each of the foUowing ozam> 
pies, thus forming equations. 

2. (a:y)'^Q = (^ax^K 

Aaise each factor to the 2l8t power ; then, 
a:y Q" = aV 

Q» = ^. Q=(-^) ,^n«. reduced 
(214,116) 
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•• i'jQ"^**. Whence, aK2* «i ;r' 

4. ^6Q >- 80. By aqnaring 6Q' = 30 x 30 

Q>-i 6x30a86xli 
Q - 61/6. Ana. 



t>. 


5(« 


+ «)*Q 


— 10x(a + e)i 




(a 


+ c)Q' 


-(2*y(a + c)5 






Q* 


=.(2a:)'(a+c)'' 






Q 


- 2a<a + c)''» Jn«. 



«. Omit the common factor (o -f «) ; then, 
(TO + y)SQ =. (a_ -p) (m + y)='. 
Raise each member to winth power, and 

(m + y)»»Q~ =. (o _ ar)-(OT + y)- 

Q a (a — ;r) (m + y)^ 

.» 2 



121 
8x8x8 



Onbing|^Q.-4 



^'^^-SxSxS 
** " 125 X 9 

(M«) 
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8. 




Clearing of 


fractions, («^a!')'Q = (aai^' 


Cabing, 


(^x'Q'^Coa-)! 


Squaring, 


tf»a-Q«„a'««» 




«^Q« = a» -. «•«» 


Cabe root, 


oQ' =. a» X xi 

-^•x'^andQ-^';/.^™. 


Whence, Q* 



SIMPLE EQUATIONS 
CONTAININO RABIOAL QUANTITIB& 

(an, page 218 ) 

5. By squaring each member, we o])tain, 

4 + y/x — 2 B 9, or >/i^^= 6. 
Bj squaring again, and transposing 2, we haTe,d? » 27, ^im 

6. By transposition, d? + 2aa ^i' + G. 
By squaring, and omitting ar* in each member, 

Ax + 4i^^\ whence, 4d? =« 2, and » =« i, Ana. 

7. Transposing a;, and then squaring each member, pro* 
duces, . a?» — 7«49 — 14a?4 x^\ 

whence, 14a? = 49 + 7. 

Dividing by 7, 2a? « 7 + 1 = 8, and a? = 4, Am. 

8. By squaring, « + 12 aa 4 + 4 >fx + x. 
By omitting x in each member, and dividing by 4, 

8 =» 1 + >/x\ or >^x = 2, and 05 « 4, Jiw, 

(215-218) 
z 
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9. By squftring, we hftTe, 

4+4 V3« + 8« — 5« + 4; 
whence, 4 VgJ. 2«, or 2^3i'«>i «. 
J3j sqaaring, 4 X 8j5 ■■ a;". 

Dividing by x, and ^r a 3 x 4 a 12. 

10. Bjaquaring^ jJ + 4x + 4=i4 + a? ^/64 + a;». 
Dropping 4 from each member, and dividing by x^ we 8h«II 

have, ar + 4« ^/64 + a:«. 

By sqnaring again, and omitting x' in each membei, 
8a? + 16 - 64, 
X + 2sb: 8;orxss6, Ans. 

11. Divide each member of each separate term by ^jF; 
then, \/ jp _ ^ ■■ y/x—h 

By squaring, a? — Va:+^«sj? — 1. 

By transposition, | b >/x. By squaring, a; a f{, Ans» 

12. ^^ar-^^ = a— ^/x^ 

By sqnaring, a? — 2a » a' — 2a >f x + «l 
By transposition, 2a ^^^ a a' + 2a. 

Dividing by a» 2>/^ » a + 2 «» 18 ; (A) 

^/a? SB 9, and x a 81, ^n«. 

13. By clearing of fractions^ 3+a7sB:6; a;B3, ^n& 

14. Same solution as in Example 11, as far as to Equation 
(A), in which let a » 8 

Then, 2v^» 10 j %/a?a5; and a? a 25, Am. 

15. By squaring, x + Sa «> 4a ; whence, x^a^ Am. 

(3I») 



0IMPLB SQUATION& ^gl 

16. Dividing namerator bf denomiiifttor, in the 2d inem- 

%>er, and 

y^cx + a = ^^^ 
By squaring, ex + a =b 2a. 
Redadog, ex b a ; and x a — , An%, 

17. By sqnadng, 

a? + 2a = 2a + 2^/2a(a7 — 2a)* + « — 2a, 
whence, 2a — 2^/2a(af — 2a)*. 
Divide by ^/2a, «nd 

^/2a = 2(a7 — 2a)* 
By sqnaring, 2a a 4(a? — 2a) ai 4a; — 8a; 
whence, 4a; -a 10a; 2j; s 5a ; and x ^ i(&K)i i^lnt. 



18. ..^^„-^,==_a5. 
•m«— 1 v^m«— 1 

Clearing of fractione 

l«m«~«^J^Z:L 
Transposing, and 

x^/|»' -^ 1 ■» m' — 1. 
Squaring both members, 

a»(m»— 1) — (m^_l)». 
Dividing by m'— 1, and 

x»-.n^— 1. 
Sqnare root, 

jP« V^ — l. 

19. Clearing of fractions, and 

( ^x + 28) (V^ + 6) = (•i + «8) (\/'x +4). 
By actual mnltiplicatioii, we obtain 

SL -88V^+6v/jc + 6x28=:ar + 88\/« + 4%/^+4X 88. 

(21») 



tSS QUABRATIO SQUATIOlfa. 

Dropping x + Bi ^, we have 

Diridlng by 4, «x 8-. 8%/*+ 38; 
redneing, 4 » \/^ ; or, V^ a S; 

2a 

•J^. Given n/x + ^a + « ■« -t , to find the valne 

va + « 

o X. 

Clearing the equation of fraetions, we have 

Vax+si^ + a + xmM2a. 
By transposition, ^ax -f d:* &■ a — x 
By squaring, ox + ^ba' — 2aa; + «' 

By transposing, Zax » ii^ 

Dividing by 3a, *"|- 



QUADRATIC EQUATIOKa 
(916, page 222.) 

7, Clear of firactions, and 

3x» + 6 — 3x«+5 = 10; 
or, lOalO; and a7»0, ^na. 

8, Multiply by 16, and 

9a? + 2x«=i9x+18 
2x«=il8; 
Whence, «• = 9; and a? — ±3, An9. 

(219-222) 
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9* Clear of fractlong, and 

6j:« — 10 — 4«« — 4 

2a;" « 6 ; and ar— ^/3, An: 

10. By transposition, (2i)a;« « 639 ; 
or, lla;>a 539x4 

j:*— 49x4 

1 1. Clearing of fractions, oV — aV ■■ n^x^ 

Transposing and factoring, (c* — a*)a^ mm o^c* 

ac 
Dividing and extracting square root^ x ^»dr - j — . 

1 2. Clearing of fractions, 

aa;«(a — 2)=il — a?» 

or, aV — 2cm;' + jp" «= 1 

Factoring, (a* — 2a + 1>" « 1 

Square root> (a — l)ap « db 1 . 

And, « = db =■, iln«. 

a — 1 

4^ 

13. By squaring, «" — ^ *" "g" 

6«« « 9 X 6 
xp* a 9 ; and x=adtS, Ans, 

20a;» 9 

14. By squanng, — j^ — « a? • 

whence, 16a:* sa 9 ; 4x ■» db 3 ; and a? ■■ d= {. 

15. By transposing and reducing, 

10 » %/a;« — 144; 
whence, a?" — 144 ; and x =s d= 12, Ahb 

(222) 
12 



IM QUADBATIO XgUATIOVS. 

16. Cleftring of firactions, >f a^ — 9 « 2 ^19. 
Squaring, and a^i _ 9 « 40 . 
whence, a? « d= 7. 

17. By squaring, a:»(a« + j?^ -r tf« — 2aV + ««. 
Redacing, 8tfV a a^ 

a* - — 

18. Bytfnsring, s^-^a^^tihii—ii^^ 



SOLUTION OP PBOBLEMS 
PBODUOINQ PURK QUADOATIO EQUAIION& 

(aiy, page 226.) 

4. Let 28 + a? « one number, and 28 — 4r? = the other ; 
then, (28 + a?)(28 — x\ or 58' — a?» « 640 ; 

or, j;« = 28« — 640 « 784 —640 « 144, 

jp « =t 12. 
Whence, 28 + 12 « 40, one number, and 28 — 12 = 16, the 
Mher. 

5. Let 12j; represent the number; then, 4^?=: j of the 
number, and 3a? « ^ of it 

1 2a;« « 108, a;« « 9, J? « db 8, 12a? « 86, Ans. 
Or, let a? = the number ; 

then, • I X 1-^-108 = 9x12; 

whencs, ^ — 9 x 144, or x — 8 x 12 «> 86, Amu 



PUBB QUADRATICS. lU 

6. Let X ss the nomber ; 

thea. ^+18-^+^; 

2a:« + S6 = a;« + 61 ; 
a^ «s 25, and a; a db 5, ^n«. 

S Tie;. 4a; » the greater, and Bx «■ the less ; 
then, \^ — 9a;« =. 7x« = 28 ; 

a;* =s 4, and x^»2. 

9 Let ^ a the less number, and IQx a the greater nnm- 

I- xi> Greater, 16a? -^ , -^ . _ . , 

ber : then, •= * =« 10, and 16a;" ■■ 144. 

' Less, X 



Square root» 4a; b 12, 

a; a 8, less, ] 
and 16a; » 48, greateTi 



YAns. 



10. Let 9a; a the length of the lot, and 5a; a the breadth ; 
45a:* a 405 ; a;* a 9 ; a; a 8 ; 9a;a 27, and 5a; a 15. 

11. Let 2ar a the difference, and 9a; a the greater ; then, 
7 J? a the less number. 

«1«* — 49a^a82a;»al28; 16a:»a64; 4a;a8; x a 2. 
The numbers are 18 and 14, Ans, 

12. The ratio of ^ to | is the same as 3 to 4 ; hence, let 
4x a one, and 3a; the other mintber. 

9a;«+16a;»a25a;»a225; 

5a? a 15, and x a 3. 

13. Let 6a; a the length of the lot ; and 5a; a the breadth 
Then, 30a;* is the wJiole lot i of 30a^ a 5a;* for garden, 

leaves 25a;*. 

25a^ a 625; wfaenee, as' a 25, a; a 5. 6a; a 80, length, Jim 
(225, 22*^ 
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14. Let X la the age of the younger. 
Then, (94 + x) (94 _ «) -. 8512 ; 
or, 8836— «»« 8512; 

whence, x' — 324, and jt » 18, Am 

15. Let X ai the number. 

Then, 9 v-jF+Ti — 4 — 50 

v^^+Tl . 6 
a?»+ll «36. a?-5,^n«. 

16 Let X s the snm gained. 

Whence, 320 : x : : 5a? : 2500 ; 

or, 320 :x It x : 500 

j;««i 160000. a? = 400,^r.a 
17. Let x^s the number songht. 
Then, bj the conditions, we must hate 

8 — j«4; or, j«4; 

whence, g " =*= 2» %^^ ^ =" =*= 4» -^^w- 

19. Let 8:r a the length of the field, and bx «» tb^i 
breadth. 

Then, -jgg. a -^ » the number of acres. 

X* 

-| X 8dp n the cost in dollars. 
The number of rods round the field is 26^;. 
The cost of the field in dollars was, then, 26x x 13; 

whence, -j X 8« « 2ga? x 13 ; 

or, 2«« — 26 X 13; 

^ or, a:" « 13 X 13, a? « 13. 

Therefore, 13 x 8 « 104 rods in length, and 13 x 5 = 6d 

rods in breadth, Ans. 

(226.227) 



PUBS QUADRATICS. 1^7 

20. Let 2x, Sx, and 5x, represent the nnmbers. 
Product, 30a;»« 108 x lOx; 

whence, xc* » 86, :r «» 6, 2x » 12, &c 

21. Let X ss the greater number; and 14 — j; «■ the len 

Then, r^^— : l^IZf . . 16 : 9. 
14 — X X 

Mdltiplj the first pouplet bj x, then by (14 — a?), 
and j;«:(14 — x)«: : 16 : 9 

Square root, x \ 14 — d? : : 4:8 
Equation, 8^ a 14 x 4 — ^ 
' Reduce 7a? — 14 x 4, a? = 2 x 4 =■ 8. 

22. Let 6 + 07 ss one number, and 6 — a; «■ the other; 
then, their sum is 12 ; their product is 86 — a;* ; it is also 85 ; 

whence, 85 = 36— a;«, 

a;* at 1, a; =s 1, and 7 and 5 are the numbers. 

23. Let ap + 8, and x — 8 represent the numbers ; 

a;* + 6a? + 9 as the square of one, 

a^ — 6ap + 9 a the square of the other. 

Snm, 2d?+ 18ai50 ; 

«> + 9a25; a;*al6; a?ia4; 

whence, the numbers are 7 and 1. 

24. Let a; + 4y &nd ^ — 4 represent the numbers ; 

then,x' — 16«240; a;> — 256; ar»16; 
^ 16— 4»12, andl6 + 4»20. Aw 



12^ (228) 



XS8 QUADKAXIC tWATlOVB. 

AFFECTED QUADRATICS. 

(aaO, page 231.) 

NoTB. Soma teadiert folve all •qoationi bj the fbrmito «n page SSOj 
that ia, a=r — a4->/6 + ^'» ®°® ^^^ 

or, a = — a — >/i -f- a*, tha other root 

We will use theaa to aoWe aqnationa front 2 to^lO^ page 281 ; 2c = the 
ouefflcient of s, and b b the absolote term. 

2. Here, 2a « 4; 

whence, a«— 4; 6 — 96; y/b+^^lO; 
whence, ««« — 2 sfclO-s 8, or— 12, ^m. 

8. Here, _2c- — 4,^«»4, 6«46, 

y/b + a*'^ >/49»=fc7; 
whence, a? = + 2 ± 7 = 9, or — 6, -4n«. 

4, 2a«— 7,6-:8, 

7 9 

«« 2=*= 2="^' or — l^-ififc 

225 216 

8. Here, 2a « — 15, 5 « — 54, c? « -^, 6 = j-; 

2 , 1 ^ 399 

9. Here, 2a =» — 5, o» « ^ ft — -g-, ^ 

/r-r-T 4. /406 .20 

1 . 20 ^ 19 . 
whence, *"'3^T'*''~3'' ^*'** 

(281) 



AFFSCTBD QUADRATICS. 189 

,^ o S 6 , 26 . 24 

10. 2a = -^,a = -j2.a'-jjj,6=jg, 

whence, » = j^ =*=l2= ^5 ^~ 6' ^'**" 



11. Here.2a = — ya«-^,a« = j^6 = ^ 

Vfe + a«= ('^ + jgi) ; whMee, a;« Ac 

12. By transposition and division, we ol)tain, 

a?«_10a?=« — 24. 
Here, y/^Th^ ^/^= =fc 1 5 

whence, a? » 5 ± 1 = 6, or 4, Ans. 

13. Transposition and division will give a?* — 16j? «=b — 55 
•>^ = _ 16, a = — 8, ^/a' + 6= %/64 — 55= %/9 = dt3 ; 

whence, a; = 8 db 3 = 11, or 5, -4n». 

14. Transposition and division will give a? + 2x=i 168 ; 
a; = — I=hv/169= — ldbl3=12, or — 14, Amu 

16. Transposition and division will give «■ + 22a? = — 117; 
iP «= — 11 =fc •l2r^lT7 = — 11 ± 2 = —9, or — 13, ^n«. 

9 81 

16. Here 2a=« — g^, 6 = — 2, a^= jg» 



(281) 



9 7 
whence, a7=:j±jas=4,or4, -4n». 



140 QUABBATIO BQUATIOKS. 

17. Dropping 1, and doubling, then 

x+2 
—x'—2x = Sx + 1^ — 12. 

Transposing and changing signs, then 

a» + 10x=56 

ic« + 10a? + 25 = 81 

x = — 6 d= 9=5 4, or — 14, Ans, 

18. 9— 3Jfe=2a^-76 

Sa^+2x^sSbf by transposing and changing signa 
2 85 

-. w ^ j^ 2 ^ 1 255 ^ 1 256 

Complete square, x^ + ^x + ^ = T" "*■ 9 '^'T" 

Extract root, x + ^ = ±: -^. Whence, « = 5, or — g-. 

19. Multiplying by 10, produces 

10a;» + bx=4x' — 2x + 13 ; 
whence, 6a;* + 7a? = 13. 

Notes. 1. — Obserre that 6 -f- 7 = 18, therefore, x can not be greater, 
nor less than 1, as a pcntive number. If x were greater than 1, 6z* would 
be greater than 6, and Ix woald be greater than 7, and the snm of the 
two quantities woald be greater than 13. But they are not greater than 
18, therefore, x can not be greater than 1. 

Now if X were part of 1, its square would be but a part of 1, and the 
6 parts, each less than 1, would be less than 6, and 7x would be less 
than 7. But less than 6, added to less than 7, can not make 18 ; therefore, 
X cannot be less than 1. Now, as x can not be greater than.l, nor less than 
1, it must be 1. 

The same is true in any other equation ; that is, if the sum of the eo- 
fffieients be the same in each member of the equation^ then one value of the iff»< 
knoum tymbol is 1 . But this is not the method of solution intended. 

7 13 7 

Divide by 6, then, a;« -f -a? = -^ = g.+ 1. 

7 
A sRuming 2a -=: ^, and we have x* + 2ca? = 2a + 1. 

(282) 
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Add a* to BBch,a^+2ax+a^=a*+2a+l. 

By evolution, x +a = d= (a+ 1) ; 

1 o 1 7 6 13 .1 

whence, j? = l, <>'— 2o— 1— g — g- =— g-=— 2^. 

2. Study this solution, it is a special artifice. The rule for completing 
this square was not set aside, but strictly obserred. The artifice was in 
the employment of the symbol a. 

20. Transposing, and clearing of fractions, and we obtain 

Whence, a? = 2 d= \/32 + 4 = 2 db 6 « 8,' or —4, Ana. 

21. Dropping 7( from each member, and we hare 

2 3 ~2 ''"8 

21 15 49 
'^""S"*"'" 9 "9 "^4 "36 

£"2 Omitting equals in each member, and 

4 ~4 "" 3 
By transposition, and multiplication, 

^_?5=.9 

Ste 16 16 9 25 
3"^9'"9'*"9""9 

'-3"=^35*"^ **'-r 

^3 Clearing of fractions, and we find 

2«* + a? « a;* + 3a? + 8a? + 24 
• «»— 10a? = 24 
Whence, a? = 5 ± V49 « 6 ± 7 — 12, or —2 

(282) 
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24. Transposing a), and clearing of fraetiona, then wb bare 

«• — 4x + 2=xx — 4 

^ ^ . 25 25 24 1 
^-^^+4"'4-4-4 

Square root, w — o'^^o 

« ss _ or 3, or 2, ^nc. 

25. Clearing of fractions, and 

22x — a^—lZ2 + 6a: = 300 — 20x. 
Transposing, and changing signs, and 

a:» — 48«=i— 432 
aJ_48a? + (24)« =» 576 — 432 » 144 
Sqnare root, x — 24 m d= 12 

X s 36, or 12, Ans. 

26. Observe that the ralne of the 2d member is ^. 

or, 6a: — 21-«a? — 1 

5a: « 20 ; a: a 4, Ans. 
The other yalue does not appear in this solution, and onicht 
not, because it is a simple equation. 

28. Bj transposition, 

a:« + (2£Z — 4c)a7=4cd — 3c«- d" 
Add cP — 4cd + 4c* a=r d* — 4cd + 4c*, to complete squares 

Root, X + id — 2e) « v"? -= db c. 

whence, a: a 3c — rf; or, c — d, Am. 

(282) 
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(3«1, page 236.) 

Rednction of equations in the form 

aa^ +bx =c 

Multiply by 4a, 4aV + 4:abx = 4ao 
Complete square, 4a'a;? + 4:abx + 6* == 4ac + 6* 
Square root, 2aa? + 6 == %^4oc + y 






2a 
When a =8 1, the preceding formula becomes 

— 6 ± ^4c 4- 6» 



-— 2 

When 6 is even, represent it by 2b\ Then this last formula 

/ — S« 

r = — ft» =h \/ c + T-, the formula already used. 



becomes x ■ 



3. Herea = 2, 6 = — 5, ana o — 117; 

4ae = 117x 8—936; 
\/4ac + 6« = ^/936 + 25 =^ ^/96^=. d= 31 ; 

+ 5dt31 ^ ^. . 

whence, a? *■ j =s 9, or — o^, Ans^ 

4. Here a == 3, 6 = — 5, and c = 28 ; 

4a(r=28x 12=336; 

5 =h \/336 + 25 5dbl9 . 7 

whence, a? = ^ = — ^ — = 4, or — s-» 



^7W 



5. Here a = 3, 6 = — 1, c = 70, and 4«=8 ^40 ; 

±29 ^ 



1 -t 29 14 

'^4ac+6'«t/841 = db29;x==— ^ — = 5, or- 



6. Herea=5, 6 = 4, c = 273, 4ac = 5460, 6* = ]6; 

. — 4dt74 4 

:ac + 6»='v/5476==h74;a? = — jg — =7,or— 7^. 

7. 2a:« + 3a?=65;16a?» + ()+9 = 65x 8+9 = 529; 

4a? + 3 = ± 23 ; or = 5, or — V- 

(282-286^ 
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8. 12(8x^ + + 25— 42 X 12 + 25».529| 
6x + 5 — d:28 ; whence, x 1^8, or — y. 

9. &r" — 7a?=:165, 

and, 82(80:')— () + 49 >» 165 x 82 + 49 »>5829; 
l&p — T — ±73; whence, 16aj = 80, or — 66; 

and aj =s 6, or — 4 J, A:ts. 



iO. 




-8«- 
-4«. 


.812; 








Pat 


«— |; then 


.,5*'- 


•?' 








•Dd. 


y' 

5 
y'-4y=: 


780; 


-156} 








y' 


-4y + 4_ 


784 J 












y-2- 


±28; 


y-30, 


or — 


■ 26; 




whence, 






a;- 6, 


or — 


V — 


H 


Here, 


a«5, 6 = 


4,c = 


156, and 


,4ac 


— 3120; 





>/4oc + 6> =» >/3136 = d= 56 ; 
a? = ~j^ = 6, or — 5^. 

11. Here, a = 3, 6 = 2, and c= 4 ; 

4ac=48, >/4ac + 6» = x/52} 
whence, .^-2 ± S^FS ^_ 1 ^ 1^^ 

12. H ere, g= = 6, 6= 7, c = 7, and4ac = 140 ; 
"^iao + 6« = Vi89 _ V9 x 21 = db Sn^^T; 

whence, « = _^±^>/ii. 

f«85) 
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13. Diyidingby4,and ^ + ^ = _^^; 

(600 + xXx — 15) = 640x. 
Product, 600a; + x" — 15,600 — 15j? = 540a?. 
Heduced, a^ + 45a: = 45 x 200. 

Square complete, 4a;» + () + JS' = 180 X 200 + 45« = 
58025. 

Koot, 25? + 45 = db 195 ; 

whence, x = 75, or — 120. 

14. Divide each member by a? + 12 ; 

X 

then, 1 = -^, or 0? = 5, one root, 

But we divided by (x 4- 12) ; then, this binomial factor 
contains a root of the equation, as the learner will see after his 
investigation of the theory of Equations in the IJniyersity 
A.lgebra. 

Therefore, a? + 12 = 0, and a? = — 12, the other root 

15. Complete the square ; multiply by 4, &c., and 

4a?« — ( ) + 25 = 25 — 8 = 17 5 
2x—5 = ^n = zb 4.12315 ; 

whence, 2a: == 9.12315, or + .87685 ; 

and X = 4.56157, or + .43342. 

16. Multiply by 8; 16a:» — () + 9 =96 + 9 = 105. 
Square root, 4a:— 3 = \/l05:«=fc 10.2469 ; 
whence, 4ar = 13. 2469, or — 7.2469 1 

X =r 3.3117, or — 1.8117. 

17. Herea = 3, 6= — 1, c = l; whence, 4a<? = 12!. 
%/ia^W= y/n. or = ^"^^ ^^ = .7675. or —.4342. 



13 
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19. 4«» — 4j? + l«^5. _ 
Square root, 2x — 1 =s v^5, and x = — 5 . 

Herea = 4, 6 = 3, c = 6, and 4ac = 80, 



v/4ac+1?= \/89, a?: 



8 



f 



— 8± 9.434 6.434 ^^ . ^ 
at,x= g r=-^=.804 + 

— 12.434 . ._. 

or, — g = — 1.654. 

20. Multiply by 4, and we have 

4-r«_() + 49 = 49 — 44 = 5; 

2j: — 7 = v/5 = =b 223606.8 ; 

whence, w — 4.618034, or 2.381966. 

Non. The pupil might proTide himself with the square roots of 2, 8, 
4, 6, ko., as fnr as 10 or 20; this would saye considerable labor. Square 
roots, as far as 80, are in the 4th column, on page 298 of the text-book. 
The corresponding powers are in the 8d column. 



HIGHER EQUATIONS IN THE QUADRATIC FORM. 
(aa3,page 237.) 

4« Place y = ^ ; then, y* = oc^, and the equation becomes 

2/« — 3y=550. 
Herea = l, 6 = — 3, and c = 550. 4ac=fc 6« = 2209.' 
v'4ac+6«= v/2209"= =h 47 ; 

whence, y = — 5 — = ^^» ^' — ^^• 
That is, 0^ = 25; whence, a? = db 5, or a; = db ^/'^^2. 
Hero we have 4 roots, 5 and — 5, + \/ — 22 and — v'-^^^^; 
(236, 287) 



HIGHER EQUATIONS IN THB QUADRATIO FORM I47 

two of them are imaginary, became there is no square root to 
a negative number. 

That is, the given equation contains o!* ; hence, there are 4 
Talaes to x. 

5. Assnme y &» ^x] then, ^^^^x, and the equation 
liecomes 

Here a=«3, 6==_1, c==44, and 4ac— 628; 
V4i7+T' = v'529'= db 23 J 
1 =fc 23 ^ 11 

Buta? = y« = 16, or^ = 13f 

6. Here let 2n » 7 ; then, 2n + 1 = B ; and the g^vec 
equation becomes 

a^ — 2na^ = 2n + 1. 
Add n* to each member ; then, 

a^ — 2iuc» + n« =in« + 2n + 1. 
Square root, «• — w = db (n + 1),; 

mrhence, «• = 2n + 1, or — 1. 

That is, «• « 8, or — 1. 

Cube root, x ^^ 2, or — 1. 

7 Add 9 to each member, to complete the squares ; then, 
af — 6a^ + 9^ 571 
Square root> «• — 3 ss db 24 

x* « 27, 01 — 21 

x^ 8,or(-21)*-^ — 2758 + 

(287) 
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POLYNOMIALS UNDER QUADRATIC FORMS. 
(993, page 289.^ 
Place the Itncesi power of the polynomial equal to a singls 
letter, aud the form will be fomiliar. 

8. Let y* + 2y =« P a). Then, we hare 

P' + 4P MI 96, a common quadratic in relution to P. 
Square complete, P' + 4P + 4 = 100^ 

P + 2 = d: 10 

P = 8,or — 12. 
Whence, y* + 2y = 8, or — 12 

Square complete, y* + 2y + 1 «« 9, or — 11 



Square root> 




y+ l=.d=3;ord= V— 11 




y = 2, or — 4, or ± V — 11, 4 roots. 


4. Place 


VlO + a:=P; 


then, 




P' — P =. 12 


4P» 


— 4P + 1 = 49 






2P — 1 = d= 7 






P - 4, or — 3. 


That ia, 


VlO + j: = 4, or — 8 






10 + a; = 16, or 9 ; 


whence, 




a; = 6, or — 1 


5. Place 




i + »-P; 


then, P» 


+ p4.«, + i.!|3. 


Square root, 




P+l=±SiP-6,«_l„ 



(239) 
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whence, — + y =a= 5, or — 6 

6 + y' = Sy, or 6 + y« = — 6y 
y« — 5y = — 6; y» + 6y « — 6 
4y« — ( ) + 25 = 25—24; 
and 2/* + 6y + 9 = 3 

2y — 5 = dbl; y + 3«. d=\/8 

y = 3 or 2 ; or, y = — 8 d= %/8". 

6. Assume (a? + 12)^ » P. 

Then, (a: + 12)s = p», and the given equa- 

tion becomes, P* + P = 6 

4P« + 4P + 1 = 25 
2P + 1 = dt 5 

P « 2, or — 3. 

That is, (a: + 12)^ = 2, or — 8 ; 

4th power, a? + 12 = 16, or + 81 ; 

whence, a; = 4, or 69. 



7. Assume y/ta^ + 3a? + 9 « P. 
P» _ 5P « 6 
4pt + () + 25 «. 25 + 24 a. 49 
2P — 5 = db 7 

P = 6, or — 1. 
That is, 2x» + 3j? + 9 = P» « 36, or If 

2a;* + 3a? = 27, or — 8. 
Here, a « 2, 6 = 3, c «= 27, 4«c = 216 

v^4ac+ 6» « ^225 ^ d= 15 

— 3±15 ^ 
a?= J «8, or — 4f 

If 2a?« + 3a? = — 8 

13* 
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8. Assume (« + a)^ « P ; 

and (x + d)^ « P*. 

Then, P« + 26P = 36^ 

pt + 26P + y = W 

P + 6 = db 26 

P = 6, or — 86; 
whence, (x + o)* = 6, or — 86 

x + am.b\or SW 

«.6* — a,or816*-.a 



FORMATION OF EQUATIONS OF THE SEOONB DEGREE. 
(995, page 241.) 

If « MI 5; and again, x m^Z] then, x — 5 -i 0; o) and 
a; — 8 -I (3). 

If we multiply («— 6) — by («— 8) « 0, we shall bare 
«» — 8« + 16 — 0; 

or, * «■ — 8d? ssa — 15, 

a common quadratic equation. By this process equations are 
conceived to be formed. 

2. Here we suppose jp b 10 ; 

and X «a — 7. 

Then, (ar — 10) x (a? — 7) « j:» — &» — 70 = 
f] the result sought In this manner all the results, fironi 
2 to 8, on page 241, can be found. 

By a similar process a quadratic can be resolved into txn* 
binomial f odors. 

(S89-241) 
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PROBLEMS 
PBODUOINQ QUADBATIO EQUATION& 

( 380, page 245. ) 
I Let X = the number ) then, ^ — 2a; = 80. The 
value of or in this equation is demanded. 

16(4a?«) — ( ) + 4 = 30 X 16 + 4 = 484; 
4 X 2ar — 2 = db 22 ; x == 3, Ans. 

2. Let X = the number of horses ; 
then, — = the cost of one. 

X 

240 
If the number of horses were x+S, then, — —5 would equal 

the cost of one ; 

240 240 . ^ 
whence, — = — —5 + 4. 

X X + S ' 

Diiide by 4, then multiply by x, and we shall hare, 

^x + lSO = ^x + 0^ + 3a?; 
or, «« + 3a? = 180 ; 

4a?«+^) + 9 =729; ' 
2a? + 8 d: 27 ; 2a? = 24 ; a? == 12 
We omit the negatire root, as that cannot represent horses, 
or any positiyo or material thing. 

3 Let a? = the number of sheep ; 

- 240.00 ^, ^ . . X 

then, = the cost of one m cents. 

a? 

He sold a? — 16 sheep for 21600 cents ; 

21600 ^ . ,^, , 
whence. ^, = the price sold for in cents. 

^ ... 21000^.^ 21600 
By conditions, }- 40 = .., . 

( 245 ) 
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Divide by 100, and ?1? + Jj. = ^^^ 



j: ^ 10 07 — 16' 
This equation is the ISth on page 235 of tbe text-bo ^k, and 
it is reduced on a previons page in tbis Key. 



4. Let X = the number of persons ; 

350 
then, — = the number of cents each must pay. 

If paid by (jb — 2) persons, » ^ the sum paid by each 

350 , ^ 850 
By conditions, h 20 =s: 5; 

QB SB ^"~ ** 

Zhx 



x — 2 



or, 35 + 2a? = 

i^x + 2x» — 70 — 4a? = ?^x; «» — 2flt=S6; 
X — 1 = 6; and a? = 7, Ana. 

5. Let X » the number. 
Then, (22 — a:>=*117 

«« — 22a?«_117 

«« — ( ) + 121.= 121 — 117 = 4 

a? — 11 =■ =b 2 ;^ « 18, or 9. 

6. Let a? a his rate per hour. 

Oft 

Then ' — = the number of hours on the road. 

X 

If X become x + 1, then, — --^ + 3 = — 

a? + 1 X 

12a? 
Divide by 3, and multiply by x, — t—t + * «= 12 

ap "t" 1 

12a? + a?* + a? = 12a? + 12 

a?« + a? = 12 • 

whence, op -a 3, 

(845,246) 
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Again. Let t » the time, or honrs, on the road 

Then, — = his rate per hour. 

If he were 3 hours less on the road, his rate would hare been 
I greater. 

whence, ^^ ^i^t — 108 +«» — Zt ; 

or, <«_3<«108 

4^_ () + 9 — 432 + 9 = 441 

2<_3 = 21, and<=12; 

36 „ ^ 
whence, p = d, rate. 

7. Let a^ = the gentleman's money. 
Then, ix« — a; = 180 
a:«_2a?«360 
««_() + 1 = 361 
«_l»19,x»20. 

^s a 400, his money. 



8 Let a? — 3 « " re(|uired number. 
Then, a^ = sum. Squwe root, x ; 
whence, «" — 3 + a:« 17 

a;» + a?«20;a:=»4; 

a:* «s 16; and a:* — 3« 13, -4n«. 

9. Let r » the numbier sought. 
Then, a;» + llj?=80 

4^ + ( ) -j. 121 « 320 + 121 « 441 
2ar + 11 =8 =fc21 ; and a: = 5, or — 16. 

(«46) 
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10> Let 2x' ss the number in the Ist flock 

Then, 6a? + 6 — " "2d flock. 

8(2a:» + 6ar + 6) — " " 3d flock. 

(2x« + 6ar + 6)« + 6« " " 4th flock. 

8am is p« + 4P + 6« 1988 



p« + 4P + 4 « 1936 
P + 2- 44 
2a^+ 6j? + 6«P; 
whence, x" + 3a? + 3 = 21 
a:»+ 8a? « 18 
4a;»+ () + 9 = 9x9 
2a? +8b9, andareS; 
whence, 2a?' a 18, &c. 

11. Let X represent the width of the frame. 
The inside periphery of the frame is 60 inches. 
The foar comers of the frame are represented by 4a?'. 
Whence, 4a?" + 60a? a the area of the frame ; but this 
is ^.0 equal that of the mirror, wMc)^ J|^^ x 12. 
Whence, 4a?* + 60a? =rf*18>rl2 

a?' + 15ar « 18 X 8-54 
Here a^ 1, 6 » 15, c -i 64, 4ac -> 216, ft* « 22d. 



v/4ac + 6« = \/Ul « dz 21 

_16db21 ^ ^^ 

X a=» 5 » 8, or — 18. 

But the width cannot be — , therefore, 8 is the Am. 

12. Let a? » the width of the walk ; 

then, 6a? — 2 b a side of the court ; 

and 4a?(6a? — 2) + 43?* = the sq. yds. in the walk, or its area. 
4(6a? — 2) sa the yards in periphery of court-yard 
(*46) 
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Bj a condition giren, 

4a?(6a? — 2) + 4«» « 4(&p — 2) + 164. 
Dividing by 4, and 

6ar» — 2a? + a;«= 6a? — 2 + 41 
7«* — 8j?«39 
4 X 7V— ( ) + 64 - 39 X 28 + 64 « 1166. 
Square root, 2 x 7^? — 8 = db 34 ; 

7x — 4 « db 17 ; and a^ = 3, or y. 
Tiie negatiye roots do not apply to material things, as we 
hayo before explained. Therefore, we mnst take 8 for the only 
trae yalne of x. The answer is the yalae of 
4a?C6a? — 2) +4a;»; 
whence, a? » 3 ; that is, 228 and 256, An$. 

13. Let X a B's xate of travel per hour ; 
then, a? + 3 a A's rate ; 

whence, — « B's time ; 

X 

and — r-x aa A's time. 

But their difference in time is 8^ ; therefore, ^/ 

150 150 ^25 
|t j?+3"" 3' 

Diyidiigby26,and,~-^-l 

For t^t^e sake of variety, let a b 3 ; then this last equation 

2a 2a 1 
becoifio% ; — =« — : 

X X + a a ' 

2a« ; — ^x; 

X + a ' 

2a'x + 2a* — 2a*x ^ai^ + ax; 

or. a?" + oa? = 2a' ; 

4«« + ( ) + a« r= 8a» + a* = a'(8a + 1) ; 

= 25a«; 

Square roo\ 2a? + a = 5a ; 2a? = 4a ; 

whence, ar » 2a » 6, and a? + 8 a 9, Aru. 
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14. Let X = the number of persoiui ; 

then, each must pay — ; 

175 

bat, after two had left, each most pay ^ and the dif* 

fcrence is 10 cents. 
Then. 11-5 + 10="^ 



a? ^ X — 2' 

Dividing by 5, and multiplying by x, produces, 

85* — 70 + 2«' — 4a? = 35a?; 
whence, «• — 2af = 35; x — 1 = 6; «=7. 

15. Let 19jp = the whole distance ; 
then, X = B's rate per day, also the days he trarelec^ ; 

and a^ = B's distance. 

A had passed over, during this time, x days, 7a? u&ilf i ; 
Hence, a;* + 7a? + 32 = 19a?; a?« — 12a? = — 32 , 
a:" — 12x + 36 = 4 ; 
a; — 6 = ifc2 

05 = 8, or 4 ; 
whence, 19 x 4 = 76, or 19 x 8 =^52, the whole dfstance. 



QUADRATIC EQUATIONS 
OONTAINING TWO UNKNOWN QUANTITTBB. 

(938, page 251.) 

1. Double the 1st equation, and add to the 2d ; 
then, a:> 4. 4ar = 77 ; a:* + 4« + 4 = 81 ; 

0? + 2 = db 9. 
These values of rr, substituted in either of the given eqniv- 
i;ions, will give the value of y. 

(247-251) 
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2. Obtain two yalues of x\ and equate them j 
then, we shaU have, (3y + 1)« = 32/» + 13 ; 
or, 6y« + 6y = 12; 

yM y = 2; y=l,or-^2; 
and, a: = 3y + 1 = 4, or — 6. 

3. Multiply the Ist equation by x, from the product, 

05* + icy = 12a;, 
subtract, art/ = 35, 

and, aj»_12aj = — 35; 

flr» — 12x + 36 = 1 ; 

35 — 6 -- =fc 1 ; and a; = 7, or 5. 

4. Multiply the 1st equation by x, and x* — «y t= — x; 
that is, rr" + a; = 42 ; whence, a; = 6, or — 7. 

5. Divide the 2d by the 1st, and 

X — y 1 ; ^ whence, 2x = 1126, 
but, X + y = 1125;> x= 563, and y = 5G2. 

6. Divide the 2d^by the 1st, and 

x^+ a;y + 2/' = 31; 
but, X* — 2xy + y« = 16, the square of the Ik 

By subtraction, 3a:i = 15 ; 

xy xs 5 

Add, g' + ay + y* = 31 

Sum, aj* + 2a:y + y» ^ 36 

Square root, « + y = 6, or — 6 ; 

But, x — y= 4, 

Sum, 2a; =: 10, and a; = 5, or — 1 ; 

whence, y = 1, or — 5 

(251) 
14 



xy - 


10 


Zxy a 


80 


«•— ay + y*- 


19 


«'+2ay + y» = 


= 49 


» + y = 7, or — 


-7 


«— y^S . 
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7. Diiide lint equation hj x + y. 
Then, x"— a;y + y«=19 
Squftring 2d, and x' — 2xy +y*^ 9 
Bj sabtraction. 

Add 

Bom 

Square root, 

But 

Bum, 2x sa 10, or —4 

X =9 5, or — 2 ; whence, y^2, or» 5, 

8. Put P « p and Q » -, as suggested in the text-book, 
and the equations become 

and P-+Q» = l| (^ 

Squaring m, and subtracting (2), there will be left, 

12 
86 



2PQ-S • m 



From (2) subtract (S), and 

Square root, p_q-s -, or— ^ (^ 



But, a>, P + Q ' 



6 
6' 



Bum, 2P « 1, or i 

6 

« 1 1 

^ - 2'«' 1 

rssi) 



TWO UNKNOWN QUANTITIES. 


Sabtract («) from (i), and 
2Q 


4 , 
- 6.or 1; 


Q 


1 1 


whence, 


111 

S-2'^'8 5 


*-2, 


or 8} ynS, or2. 


9. Divide the Ist by 


the 2d. 


Then, as* — 


«y + y» — 19 (D 


Square of the 2d, a? + 2xy + y* m, 6i (st 



159 



Sabtract 0) from (2), and &ey «- 45 

xpy a 15 0) 

Subtract (8) from (i), and 

a^ — ^xy + y"^ 4 
Square root, x — y «= 2, or — 2 

But j: + y OS 8 8 

Sum, 2j? b 10, or — 6 

X a 5, or 8 
Diflf. 2y « 6, or 10 

y ss 8, or 5. 

10. Doable the 2d equation, and add it to the Ist ; then, 

a^+2xy +y + x + y^ 156; 
or, 

Place 
then. 



(« 


+ Vy+(x + y)^ 


156. 






x + ym 


P; . 






P»+P- 


.156 






4P» + 4P + 1 = 


625 






2P + 1 = 


d=26 






2P = 


24,or- 


-26, 




P = 


12,r/r- 


18; 




(»l) 
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tbatia, 


» + y»12, or — 18. 




Bnt, 


rry + a; + y«39; 




whence, 


xy « 27, or 62. 




Bat, 


« + yBl2, or — 13. 




Mnltipljbj/ 


X, x" + xy «• 12ac, or — 13x ; 




that is, 


x« + 27-12x; or,x«+27«- 


-I8x; 


or, 


X* + 52 s» 12x; or, x» + 52 « - 


13x. 



Here are fonr distinct qnadratica. Each one has two roots, 
or two Talnes for x. The whole number of yalnes for x will 
therefore b€ 8. 

Some of them maj be imaginary, or impossible. Such are 
called, in higher algebra, roots of solution. 

The 8 roots are, 

rx » 9 or 3 
Realroots, {,^_^^^^^,,_^_^^^ 

6 4- 4\/^=ri; or 6 — 4\/I=T 



(XB 0-+-4V- 

Imaginaryroots,|^^^j_^^ 



J, or — 6i — vCr39 

There must be 8 corresponding Takes of y. The real and 
practical roots only are given in the text-book. 

11. Because the 2d members are the same in each eqnti- 

tion, we have 

2x» — 3xy — x" — 2y*; 

whence, x" — 8xy « — 2y'. 

Conceive 3y to be a known coefficient of x, and ;ompIet« 

the square ; then, 

3 _^y 
extract square root, x — g^y « =t |- ; 

x«2y, ory; 
whence, a^ = 4y*, or y". 
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Sabstitute these yalues of x* in the 2d of the given equations, 
and 42/* — 2y*, or 2y» = 50 ; y» *= 25, or y = d=5; 
or, y* — 2y>, or— y»= 50; y« = — 50, or y s* =fc 5 ^/^^ 

The yalne of x is double that of y. Hence, x a 10. 



PROBLEMS 
PRODUGINO QUADBATlCB 01* TWO UNKNOWN QUANTITIE& 

(933, page 252.) 

I. Let «» + y'=100 (1) Then,rr + y=14 m 

Sq. (2), a* + 2a:y + y>= 100 + 80 + 16 



Diff. 2xy = 96 (S) 

Subtract (8) from (i), and 

x«_2an/ + y* = 4 
X — y =2 2, or — 2 
«) « + y =14 

2x = 16, or 12; «== 8, or 6 

Whence, 64 and 36, Ans. 

2. This is the same as Ex. 1, in other words. 

3. This is the same as Ex. 1, generalized. 
That is, X +y ^a (i) 

x* + y*t^b (2) 
SolTcd the same as Ex. 1. 

4. Let X and y » the nnmbers ; then, 

a + y =B 24 ; :i) 

and xy =» 85(x — y). :» 

Let X saw/\ then, (i) becomes i^y + y =s 24 ; ^ 

and vy* =« 35(vy — y). (4> 

(252) 
14* L 
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From (S), y « __; from = — ^^-^ — ^. 

Equating yalncs of y, 
and 24vo«8&v> — 85 

8&v> — 24v»85 

'^ V ; ^ Vss; (85)» T (86)» (367 

12 .87 49 7 b 

•-85-=*=§55*-85T*'-7' 

. 24 24x5 ,- 

whence, y«__„___iO; 

24 24 X 7 „, 

The yalues ofy, sabstitated in a; + y »= 24, 
give « «=» 14, or a; SB — 60. 

That is, the numbers may be 84 and — 60 ; sum a 24 ; 
product, 84 X 60 = 35 X 144. 

As these products are equal, these numbers answer the 
condition of the problem. 

5. This is the same as Example 9, on page 251, text-book. 

6. Let X sss the greater number, and y the less. 
Then, y : x :: x : 12; a) 

and a;« + 2/» == 46. (2) 

From a), «' =» 12y. 

This, substituted in (2), will give, 
y« + 12y = 45 
V»+( ) + 86«81 

y + 6«db9; ys=3, or — 15; 
whence, x* « 12 x 3, or — 12 x 15 

That is, a; sss db 6, or 6v/ — 5 

(262) 
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7. This is solved the same as Example 6, on page 261 of 
the text-book. 

8. This is solved the same as Example 9, on page 251 of 
the text-booL 

9. Let X = the jards of silk^ and y = the jards of clotli ; 
then, a; + y = 110, 0) 

and, 80y — X* = 400. (2) 

From CD, SOy = 80(110) — 80x. (3) 

Equating the two values of 80y, and we obtain, 
400 + a;' = 80(110) — 80j? 
j^ + SOx=z 8800 — 400 = 8400 
x» + 80x + 1600 = 10000 

X + 40 = db 100 ; a; = 



I ; a; = 60,) 
», y = 60,)' 



But, X + y = 110; whence, 

10. Let X — 2 -c: the age of B ; then, a* + 2 = the age 
of A 

a^ — 4a5 + 4 s=s square of B's age, 
a' + 4a: + 4 = " A's age. 

Sum, 2x«+ 8 = 976; 

a;« = 484 = 4(121) 

X = 2 X 11 = 22 

a; — 2 = 20, B's i 
and 



a; — 2 = 20, B's age, | 
x+ 2 = 24,A'sage,i^^' 



11. Let r = the greater part, and y = the less; 
then, a; + y = 10 O) 

(4y)» — 112 = (2x)« (2) 
4j/> — 28 = a:« ^) 

(252, 263^ 
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From 0^, (10 — y)' = ac"; (i) 

IhatiB, 4y» — 28 = 100 — 20y + y», 

8y« + 20y = 128. 

Here, a « 8, ft « 20, and c » 128 ; 4ac « 128 x 12 ; 

^Aiic'+V^ Vi936 = ±44; 

— 20 db 44 . . 
y s= g^*^ = 4, less part 

1 i. Let X and y represent the nnmbers ; 
then, »« + y» =s 89 a) 

(» + y)« = 104 (^ 
Let X ss vy; then, O) becomes, 

and w becomes, wy + ry" = 104 ; y* = -5-7—- 

Equating these two ralnes of 2/*, we obtain, 

104 _ 89 

«* + i> ~ w' + l 

104v* + 104 = SSv* + 89v 

ISw*— 89w = — 104 

4 X (16)V _ () + 8^ = 7921 — 6240 = 1681 

2 X 15v — 89 = ± 41 

80t) = 180, or 48; v = V, or jj = f ; 

. , . 89 89 89 X 25 „. 
bnt. y'--,-j-^ = _^ = -_ 25; 

therefore, y = db 5, 1 - 

If y = 5, and v » f , and a = vy, then, x = 8, J 

13. Let AT » the digit in the place of tens, and y s^ the 

digit in the place of nnits. Then lOo? -f y as the nir'nbek 

sought. 

IOj: + y 32 ^ 

; — - = -y- by one condition, a) 

And lOa? + y — 9 =. lOy + d? w 
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From a) SOjf + 5y =» 32ar -^ Z2y ; 

or, 18a? «a 27y ; •'or, 2a? «= 3y. (8) 

From (2; 9a? — 9 = 9y ; 

or, r — 1 = y ; 2a? — 2 « 2y, (4) 

subtract <4> from (s), and 2 » y. 

This Talae of y, sabstitated in 3^ and a? s 3 ; whence, 32 ih 
tho number sought. 

14 Jjet X =s the 1st, and least nnmber ; 

y =s the 2d, or next greater nnmber ; 
a td P = the 3d, or greatest nnmber. 
Then, a? + y + P = 20 a) 

a?yP = 270 (2) 

y_j: + 2 = P_y (8) 



Add a) and (3), and 2y + P + 2 = 20 + P — y; 
whence 3y =* 18, and y = 3. 

This value of y, substituted in a) and (2), and we obtain, 
a? + P = 17 
a?P « 90- 
Now X and P can be discovered by the same process ths \ x 
ftnd y were discovered in Example 8, page 251, text-book, "le 
Bolutiop being in this Key. 

16. Let a? — 2 = the number in a side of one square*, 
and a: + 2 = the number in a side of the other. 
Then. a?' --- 4a? + 4 

a;« + 4a? + 4 
2a-' + 8 =x 1066 
a? = 529, a? = 23, 
« — 2 ^21, and ar + 2 = 25, Ans. 
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16. Let X n the nmnber of bnshels of wheat. 

Then, a: + ^^ ■■ the number of bushels of bariej ; 

24 

— « the price per bushel for wheat ; 

24 
and ^^ a the price per bushel for barlej. 

24 24 25 26 1 

^^^^' X " IT+n "^ 100 100 " 4 

96 96 

a; "" j; + 16 "^^ 
96x + 16 X 96 »> 96x + x" + 16x. Let a » 8. 
Then, a" + 2ax « 96 x 2a 

a;» + 2aa: « 12a X 2a = 24a* 

a:» + ( ) + a« « 26a« 

» + o "" =^ ^a» ^ » 4a sa 32. 

17 Let X sa the length of one trench, 

and X + 6 » the length of the other ; 
whence, a:« + (x + 6)« « 356. 17£. 16«. » 356a 
2x» + 12x + 36 = 356 
x" + 6x + 18 « 178 
Subtract 9 s 9 

aj« 4. 6x + 9 « 169 
X + 3 — 13, X « 10, and X + 6 « 16, Jm 

18. Let X = B's rate per day ; 
9 = A's " 
X I- 3 == the days each trayeled. 
Then, (x + 3) (x + 9) = 247 
x« + 12x + 27 = 247 
9= 9 

x* + 12x + 36 = 256 
(MS) 
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a? + 6 = 16, and » = 10, 
X + 3 = 13 dajB ; whence 
16 X 9 - 117, A's distance ; ) ^^ 
13 X 10 = 130, B's " y 

19. Let X = the circamference of the hind wheels ; 

and y= " " fore " 

120 
Then, — = the number ^f reyolations of the hind wheels ; 

120 
and , — = " " «« fore wheels ; 

y ' 

T> 1 . j.x. 120 . ^ 120 

By 1st condition, h 6 = — j a) 

120 1^0 

By 2d condition, — r-r= + 4 = t ^ . i^ 

From (1), 20y + xy = 20a; ; (S) 

, 20aj 

whence, ^ = 2-0+^" ^'^ 

p^„,C^, ^ + 1= 30 



x + l^^~"y + l' 

or, 30y+30+xy+a;+y+l = 30aj + 80, 

Zly + xy+l = 29x; (6) 

, 29x — 1 

whence, y = ___. (e, 

Equating (4) and («), and 

20x _ 29a? — 1 
20 + X "^ 31 + a? 
620a; + 20x«= 580x + 29a;» — 20 — a 
41a; + 20 = 9a;" 
9x» — 41a; = 20 
4 X 9W— ( ) + 4i'=:36 X 20 + 4i" = 240I 
Square root, 2 x 9a; — 41 = db 49 

2 X 9a; = 90 ; a; = 5, 

Amu 



This yalue placed in (4), and y 
(254) 



20 X 5 . I. 
= -25--*'| 
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20. Let X and y represent tbe nnmben. 
Then, xy a 120 (d 

(« + 2) (y — 8) « 120 • » 

or, 2y + 2y — 8x — 6 » 120 a» 2y (S) 
2y » Sx + 6 
2xy«da:'+6a;»2x 120 
«* + 2a; « 2 X 40 = 80 
a^ + 2* + 1 — 81 

« + l«±9;x = 8. 
This ralae of x, placed in a), and 

8y» 120; 2y:;«80; y =» ISt 

21. Let a: and y represent the numbers in qnestion. 
Then, «" + y" « 2xy + 4 ; a) 

a^ — y* = jgy + 4 . (^ 

Bj subtraction, 2y' s=s ^xy ; 

y « |x 
From (1), X* — 2a:y + y* = 4. 
Square root, x — y sa 2 ; 

that is, X — fa; s 2 ; or, a; s 8 ; 

whence, y » 6. 

22. Let X and y represent the numbers in question. 
Then V27x =^ 27y; and VsJ » 3y. 

27a: = 27 X 27y ; and 8x == 3y ; 
««27y*; a? « 9y»; 

whence, 0y»«» 27y"; 

» « 9 X 27 « 243. 
r254) 
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23. Let X a the cost of the horse ; 
and, X* **- 24 ae the sam lost 

Then, a; : x — 24 : : 100 : a;; 

a* — 100a; «. — 2400 
x> — 100a; + S8>" 2500 — 240011. 100 
c -- 60 n ^ 10 

« ^ 40, or 60, Ans. 

24. Let 07 and y represent the numbers ; 
then, xy CSS x^ — y* ; (i) 
and X : y : : 3 : 2 

2x = By. c2) 

Double a), and we have, 2a:y = 2x' — 2y\ (S) 
The value of 2x, found in (A, substituted in (s), will give, 
3y* = 2x« — 2y» J whence, 2aj» «= Sy". 

From (2), 2x» = ^; 

whence, 6y' = -|-j or lOy* 3= 9y*, which is absurd. 
Therefore, the problem is an impossible one. 

25. Let X and y represent the numbers , 
then, 2a:y + 9 = a:" + y", a) 
and i«y + 9 = a:* — y*. (2) 
From (1), a;» — 2ay + y* = 9. 

Square root, x — y = ± 3, or y = a; — 3, or a: H- 3. 
Add 0) and (-2), and ^xy + 18 = 2a:", 
5xy + 86 = 4a^; 
that is, 6a<* — 3) + 36 = 4a;", 

or, a;* — 15* + 36 = 0; wheaee, -c «= 1*. 

15 (254) 
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ARITHMETICAL PROORESSION. 

There are two fandamental eqnatioDS which, together, em- 
brace the whole snbject ; thej are as follows : 
L s= a d: (n — 1^ (^) 
8 = |(« + !->• W 
(988, page 268.) 

1. Here, a = 6, L =s 92, n = 30. S is required, and 
equation (B) will give it Thns, 

8 = iC6 + 92)30 = i X 97 X 80 « ^(2910) = 1465, Am 

2. Here, a = 2, n s= 10, L ss 80. 

8 = (2 + 30)5 = 160. 

8. Here, a = 6, L = 107, n = 85. 

S = (5 + 107)V = 56 X 46 = 1960. 

4. Here, a = 7, L = 207, n = 21. 

S = i(214)21 = 107 X 21 = 2247. 

5. Here, a = 6, L = — 3^, n = 20. 

8 = (6 — 8^)10 = 25. 

PROBLEMS. 
(S»89, page 260.) 

3. Here, L = 49, a = 1, n = 9 ; d is required. 
Apply equation (A), 49 = 1 + 8d; 

whence, Sd = 48, <£ = 6. 

Then, the required numbers must be 7, 13, 19, 25, &c. 
(268-280) 
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4. Here a « 1, S == 280, n » 82. d and L required. 

L»l + 81d; (A) 

280 = (a + 1 + 81d)16. (B) 

Dividing (B) by 8, 35 = (1 + 1 + 81d)2 « 4 + 62d. 

62i;«31; d^i, 

This valae of d, snbstitnted in (A), gires 
2 ^1 



6. Here a >~ ^, L a ^, n a> 5. <l and S reqnired. 

25 
12 



V3'^2/2 6^2 12 



or, 8=2 + 24d; d-I 

1 j^ 1 9 « ,. -_^ 

s + M^M"-!'*"^"*""*" 

3,1 10 6 ^, 

8 + 24 " 24 * 12' *^' "***°^ ™**°* 

6 Here a = 5, L » 15, n »■ 7. <2 and L required. 

15=.5 + W; d-|-lf. 
Hence, 5 + If » 6f , the first mean. 

7. ^o pnt the firat ball into the basket, the man most 
travel 2 yards, and to pat the last ball in he most travel 200 
yards. Hence, a = 2, L » 200, <f =■ 2, n » 100. 

8 SB (2 + 200)^ — 10100 yards «- 5 mOes 1800 yarda. 

8 Here a — 10, d = 20, n » 47. L and S required. 
L - 10 + 46 X 20 -i 930 ; 

S - (10 + 930)^ mm 470 X 47 - 22090 dollars 
(MO^ 
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9. Hen a » 4, d » 4, 8 •- 20200. n is feqidMd 
20200- (4 + L)J; 

L-4 + (n — 1)4-4»; 
20200 - (4 + 4n)^ » 
n*-f-n- 10100; 
4n» + 4n + 1-40401} 

2n+l-201} n-100, JjM. 

10. S- (1+24)12 -25x12 -800. 

11. Herea — 730, d— 2,L— 2. «i is required. 

2 — 780±(n — 1)2; 
(n — 1)2 — 728 ; n — 365, Ana. 

12. Here S - 280, a - 1, n - 32. d is required. 

280-(l + L)16; m 

L-l + (n — l)d tA) 

Reducing (B), we find 35 — 2 + 2L ; L — — 

This Talne of L, substituted in ca), will give " 

33 , 1 

— -l + 81(f. whence, d — i. 

13. HereS-950,d-S,n-25. aianqolrwL' 

L— a + 24x8; 
950-(o + 24x3)^; 
950 -(o+ 86)25; 
38 - o + 36 ; a - 2, ^Ins. 
14 Hen « — 1, L a. n, and n » n • 

s-(i + »)J. ' p,, 

f S«0, 261 ) 
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(S4#,page26$.) 
2. Here the nnmbew may be represented hjx — Sy,» — y, 
OP + y, and x + 3y. 
Then, (x — y) + (or + t/) « 2a? - 26; d) 
and (or — y)2y-60. (2) 

2xy — 2^ — 60; bntSxy— 25y,froma) 
2y*— 25y« — 50 
IBy" — . ( } + 25" « 625 — 400 « 225 

4y — 26-=fcl5 y-y«.2J 
a:-12i; 
whence, x — y «« 10, and ar + y =» 15, the means 

8. Take the same notation as before. 

Then, bj the conditions we obtain 

(j? — 8y)(ar + y)»5 (i) 

(j? + 3^) 0«? — y)»21 « 

From(i)» x^ — 2a:y — 8y»a»6 « 

" (2), aJ4-2ary— 3y'»21 



(4) 



By subtractioiv 4«y«16; 



16 



or, «y«4;y»-p 

By addition, 2jj> — 6y» = 26 

^«,8y«-18 

,8-?^- 18 
a,«_13a!» — 48; 
wbence, » ««■ 4 ; 

then, y-l» 

and 4,— y— », x4-y— e.themwttw. 

16* CJW> 
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6. Let X — y, ff and (x + y), represent the numbers 
Then, 8x •» 15 ; or, « » 5 ; 

and («" — y^ j?«»105 5 

whence, y « 2. 

6. Here, &r a 18 and x a 6 ; 
whence, Sa:* + 2y* •» 158 ; 
and y a 5. 

7. Here&E'+2y'«-56\ Ci) 
and (te + 2y - 28 /^y *® conditioni, ^ 
From (3)^ y mi I4t — Zx (s) 

y»««196— 84jr+ 9«* 
2y««892 — 168ar + 18«». 
This valne of 2y», placed in a), produces 
21j?»_168a? + 392«=56 
21a:«_168«? + 336«0 
«• — 8a?+16«0 
« — 4 Bs ; or, j; 8 4, the mean. 

8. Let « — y, «, and a? + y, represent the numbers. 

Then, 8a:« 12; or, j:« 4; and a;»« 64 

(a;— y)*B««*_ 4^^ + 6a;» y* _ 4rry» + y* 
(j? + y)*«««+ 4a;«y + 6a:»y« + 4ay + y«. 



Sum, 8jj*4 i2ary + 2y*« 

DiTiding by 2, ^ + 6a;y + y*«. 481. 



2 
8x* 3 X 256 



>S84. 



2 " 2 
This taken from each member, 
and y* + Gary » 97 

y* + 6a:y + 9a:« « 2304 + 97 « 2401 
y> + 8a:»— ±49 yt + 48 « 49 

'^•nc^ y'-l; andy-l. 

C26S) ^ 
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9. Here, (a? — y)' + (a? + y)«-2J8, a) 

From (1), %s^ — xy + y« = 28; 

" (2), 2a?* + a?y 4- y' « 44. 

By subtraction and division, a;y=»8. (^ 

By addition and division, 2x» + y» = 86. (*) 

64 64 

But, from (8), 3/««^;then, 2«« + ^«36 

2j?*_36a:« + 64 = 
a?*_18«« + 32«0 
a?* — 18a?« + 81 = 81 — 32 = 49 
a;« — 9 = =t7 
whence, a; s 4, the mean. 

1 0. Here the mean is 5 ; 

8a;« + 2y»«93; 2y« = 93 — 76 « 18; 
and y = 3. 

11. Here 2a; = 8, and a? « 4, the mean. 
Hence, 16 + (4 + y)« = 52 

(;4 + yy = 36; 4 + y«6; andy=2. 

12. Let a? 3y; a? — y, &c., represent the numbers. 

Then, 2a? =a 13 ; a: = 6i ; and 4a?y = 39 ; 

But, 4a? = 26; 

whence, 26y « 39 ; 2y = 3 ; and y = 1 J. 

X — y « 5 ; and a? + y » 8, the means. 

13. Let X s the fourth term, and t Ae common difference. 
Then, (x— 3y), (a?— 2y), (a?— y), a?, {so \ y), (a?+2y), (a?+3y>, 

leprcsent the seven numbers ; 

(263, 264) 
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# ... 8y 9 the Ist nvmber, 
« + 2y «« the Gth. 







2«. 


-y- 


14 


W 






(»- 


-y)(« + y)- 


60; 


00 




or, 




«»- 


-y- 


60. 






Baij fivm 


a), «• 


= (2«- 


-U)» 


=»'*«»- 


- 562 + 196 


Substituting this value of 


y» in <») 










**- 


-ix* 


+ 56*- 


-196 = 


60 



That is, — 3x* + 56:?? = 256 ; 

or, Sa;« _ 56a; = — 256 

36a;« — ( ) + 56* = 56« — 256 x 12 = 64 
6a; — 56 = ± 8 
6aj = 48; 
z vz Sy and y «■ 2, Ans. 

14. Let X ^ the third number, and y the commoi diff., 
and we hare, (a? — 2y), (a? — y), a?, (Jf + y), (ar + 2y). 
Sam, 5« -1 25, and ap ■■ 5, the thhrd nnmber ; 
5 )945 
189 a the prodnct of the other 4 nnmlers. 

Prod, of let and 5th, (x — 2y) (a? + 2y) « a;' 4y* ; 

" 2d and 4th, (a? — y) (x + y) » x* y». 

Continued product, x^ — 5a^ + 4y* ss 189. 

But, a? a 5, and a:* « 625 ^ 

then, 625 — 125y« + 4y* « 189 ; 

and 436 — 125y« + 4y* = 0. 

Let y » 2P ; 

then, 4SQ — 125 x 4P« + 4 x 16P* » 0. 

By dividing by 4, we obtain 109 — 125P* + 16P* » 0. 

Now, because 109 + 16 » 125, the sum of all the coefficients 
must equal on each side, therefore P cannot be greater 
nor less than 1. Hence, P «= 1 y =» 2P =8 2. But ar as 5 • 
whence the numbers are 1, 3, 5, 7, 9. 

C2643 



QSOMKTBZCAL p&oobebsioh; 17T 

15. Let (a?-8y),(« — Sr),Cj? + y),(« + 8y). wpwMnt 

the numbers. 

«•— 2a?y-f- y* 

4a:y — 8y»=12 a) 

4ajy 4. Sy* a 28 (s> 

Difference, 16y = 16 ; whence, y « 1. 

^rom (1), 4j? — 8 « 12, a; — 2 -> 8, and :p— « 



GEOMETRICAL PROGEESSIO^. 
(»t», page 276.) 

4. Leta? = thfr&8ttono, and y « the ratio. 
Then a?, a?y, ary* and «y", will represent the nnmbeia, 

« + «y* = 20 -I a) ^^^ ^^^ conditions. 
And «y + «y»-60J(2) 

Dividing (2) by (1), y«»3; 
then a) becomes lOx « 20, and jf « 2. 
Hence 2, 6, 18, and 64 are the nnmbers songht 

6. Here the numbers are x, ary, «y". 
Whence, a? + jry + «y» =» 210 ; a) 

and «!/* — * « 90. («) 

By addition, a?y + 2a;y* « 300. «» 

(264-875) 



178 OBOMBTRICAL PR00RES6I0K. 



B7 nbtnustioii. 




2ne + xy~ 


.120. 


Diriding m by m, 


•ad 


2 + y - 








2y + V- 


>10 + t>y 






V-3y - 


10; 


whence 




y- 


2. 


ButO, 




«»»-x- 


90 



Therefore &? — 90; ires 80; and 80,60, 120, Am 

6. Here, « + d:y+«^ + ay«i30 a) 

xy + xy' 1 + y ' 
8y« — 4y — 4 ; 

whence, y ■■ 2. 

Now, a) becomes, a; + 2j? + 4x + So? ■» 80, 
therefore, 15^; ■■ 80; 

and. x^2. 

7. Here, nsing the same notation as in the last problem, 
« have X + xy'^liS; a> 

and ary + «y» « 888. (i) 

Dividing (2) by 1: and we obtain y = 6. 

Prom (1), a? + 36a? = 148 

87a? » 148 

a?->4 
whence, 4, 24, 144, 864, Ans. 

f«76) 
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8. Let X, xy, and an^, be the nnmben. 



Then. «y « 216; 




whence, ky^ 6; 


<*V 


and «« + a;y « 828. 


fl) 


Prom (1), 2«*y« =■ 72. 


CD 


Sam, «» + 2«y + «y - 400. 




Square root, x + xy* ^ 20. 


W 


Subtract (S) from (D, a?» — 2a:y + «y — 256. 




Square root, x — oj^ « 16 ; or, j^* — x ■- 16. 


(D 


(5) from (4), 2a; =» 4, and a =» 2. 




Now, a) becomes 2y « 6, and y ■■ 8. 




Hence 2, 6, 18, areihe numbera. 




9. Here, « + ay + xy« — 18, 


(D 


and (« + ay) ay « 30. 


(9 


Prom a)b « + ay ■■ 13 — ay 


.<») 



. ^ 30 
From (2), aj + ay — — (4) 

80 
Equating (S) and <<), 18 — ay « — 

ay 

«V — 18a!y-i— 80. 
Whence, ay — 10, or 3. 

It cannot be 10, and correspond with m, therefore take 3 
Then <s) becomes ' x + xp'^10. (i) 

?rom (6), tB - j-^-p. 

Q 

But ay « 10, and a? » - ; 

y 
Equating the Talnes of 0?, and Sy + 3 « 10^; 

whence, y ■■ 8, and a; — 1. 

(276 



180 eBOMBTRIQAi( FRMRBSSION. 

10. Here,x + a9r«M68; ory-ilOO^ aiid^«« 10. 

Then, % + ay"« 52; a: « .-4— it anda; a — ; 

1 + y* y • 

irhence, y « j^?-^; 10 + l(y « 62jr 

V — 26y«_6; 
whencty jr a 5. 

But. .-L0.«^«2. 

jr 5 

11. Let «, v^, y, represent the nambers. 

Then, a?+v^4. ys 31aa; (i) 

and r« + ^ = 626 « 5, CS) 

Prom (1)^ « + y « a — >^i^ ; j^ 

Bqnarew dp* + 2j^ + y> a a»_2a%^i^ + a^j 

«*+y'«»a» — 2o%/i^ — ay. (4) 

By equating (2) and (4), and transposbg, we obtain 

a?y + 2a %^^ at a' — 6; 

ay + 2aVi^4- a? =- 2o* — ^ 
Sq. root, s/^ -f a «» db y'2a*— ft. 

a « 31, o« « 961, 2a« — ft -^ 1922-^626 ii« IMd 
Whence, v^ + 81 — d= S6 ; \/xy -■ 5, a^ «. 26. (s^ 
This placed in (S), and at + y a 26. («> 

From (5) and (•) we obtain a? « 1, and y a 25. 

12. Here, a? + v^ + y a 14i a)^ Solution the same as 

«*+ ay + if* — 84 («)) l^.l,hith#^l|o«k. 



13. Iiot ^ scy, xi/', sci^^ represent the numbers. 

jy_ay«24j a: 

a? + j^:ay + a;^* 2:7:3; « 

or, l+5^:y(l+y)::7:8. 

Dividing the first and second terms bj (1 + y\ 

1— y+y'sy2:7:8j 

3 — 3y + 3y«=-7y; 
or, 3j^ — 1% + 8*-0; 

36y_( ) + 100«100 — 36-64; 

6y — 10 « db 8, and j^ = 3, or f 
Substitnting the ralue of ^ in (i), and jp — 1. 

14. Let 07, d^, 07^, ai^, represent the nnmbers. 

and, ««-T\y. 

Then, ^^ + ^^ + ^^+^:« y+ 1. 
l+y+ ^+ /«10y + 10; 

y»+ y-%+ 1); 
Thatis, Cl + y)y* = »(y+ 1); 

^-9,andj^«^8, 
Hence, ^, i^, ^, f J are the numbers. 

\l The formula for compound interest is 
(1 + r^'p =r the amount 
An equation in which r a the rate per cent^ n — th* num- 
ber o* years, and p — the principal. 
In this example, r » .07, p a 500, and n — 4. 

16 
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1.81079601 


WhenoepC 


L07y - (1.1449) (L1449) - p 


mm 


500 




$655.89800500 




PROPORTION. 








(976, page 288.) 






5. Let a? 


and y represent the numbers. 






Then, 


X — y:x +y ::2 : 9; 


01 






« + y : ay : 2 18 : 77. 


(S) 




From (1), 


2aj:2y::ll:7; (Prop. Vli) 






«:5f ::11 :7; 






and 


*" 7- 






Place this Talne of « in (S), and we have 








^J^+y:y::18:77. 








18y:ll^::18:77, 


••• 




by multiplying the first couplet by 7. Now diyide by y, 


and 




18:lly::18:77. 






Inrerting the means, 






and, 


18:18::lly::77. 






DiTide the first couplet by 18, and the last by 11 ; 






1 ; 1 : : y : 7 ; and y^T. 






But 


«-^;^-iL 







(MS) 
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6. Let X and y represent the nnmben. 

Then, «? + 4:y + 4::8:4; a) 

X — 4 :y — 4 :: 1:4. CO 
From a), 4j? + 16 — 3y + 12 ; 

8y — 4 ^ 

This Yalae of x placed in <2), griyes 

-2-j 4:y — 4 ::1:4. 

then, 8y — 4 — 16«y — 4; 

24 — 4 

2y — 16 OB ; or y » 8, and x «■ — j — m 6, ^n«. 

7. Let X and y represent the parta. 

Then, « + yaiil6; a) 

a?y:«" + y*::16:84; w 

whence, 2a;y ; dp* + y* : : 80 : 84. 

Prop. Vin., a»-.2ay + y«:«*+2«y + y«::4:64 
Square root, x — yix + y:2tS^ 
or, a) x—y: 16:2:8; 

whence, x — y»4; . 

but, (1) x + y^ 16. 

Whence, 10 and 6 are the numbers. 

8. Let x + yissthe gp*eater number, 
and X — y s the less. 

Then, «• — y«ai820; d) 

(x + yy^af + Sxhf + ^xt/» + t^l 
(x — y)» ^ a* — Za^ + dxy' — y'. 
Difference of their cubes, Qx^ + 2$^. 
C288) 



IM laSCSLLAHBOUS BXAMPLBB. 

2y >■ 8 j^ Mi tbe cabe of tbeir diff«r«aee. 
Hence, ^ahf + 23^ ; 8y» : : 61 : 1 ; 

or, 8«» + 3^ ; 43/« : : 61 : L 

8«» + Sr»-24V; 

«• -> 81y». 
This Tftlne of a^ in ox 

81y» — y«-820; 

80j^ » 820, y* -: 4, andy 1 2. 
But, it » 9y ; whence, x ■■ 18. 

« -(- y a 20, and x — y » 16, Ana. 



MISCELLANEOUS EXAMPLES. 
(Piige298.) 
13. As X and y are raised to the same power, it is obrl. 
oos that the fractions most itiyolre the Kke power of x and y. 
We will therefore assume (jp «f y) to be one factor ; and then, 
by trial,---thai is, divldfaig a» + y^ by it,^we find «;^— c's^ + 
a^x^ — ay + y* to be the other fac^ot. 

14. Here, the minus sign is between the powers af — y*. 
Therefore, half the exponents must be the powers in the re- 
quired factors ; (j?' + y*) into (a?* — y') ; that is, the pro- 
duct of sum and difference. 

15. a* — o*6 + a6»~«*tf + aV— 6^ 

a^ + h 

a«— .a*5 + a*6« — oJ» + a?6* — <i*V 

or a« — i^, -4n«. 

1298} 
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16. Vm tlk0 flM^tors of a^~6^ 

We will take half of each exponent, and form two factom-- 
one with the plus aigQi the other with the miana ; thna : 

Now this last factor we can separate into two others ; 
thus, (a* — 6*) is equal to (a« + b) (o* — i). 
The factors (a* + 60f («* + *)* «* (»* — *). »V »teo 
be other factors. 

17* Find the greatest common factor of (o^ -— 1) (o^ + o^) 
and (o^ + 1). 

«* — 1 =(a«+l)(a« — 1). 
c^ + a*^ (a* + 1)0^. 
a«_l «(a«+l)(a* — a« + l> 
Thus we see that (a* + 1) is a factor common to all the 
erms, and it is therefore the greatest factor. 



iQ Q ^ g* , ^ , aft 

Multiply each member by (a + by. 
Then, (a + &)'S» a> + afr + &* + a&» a* + 2a&+ ^-b 
(a + by. 
Divide by (a + by, and S « 1, -4n«. 

«* — y* « + y «— -y 
Multiply each term by (ap*— ^, 
and,(a;«— 3^)S«a?+(a;— y)y + dp + y=a2a: + a:^ y* hy. 

Whence. S - ^"^^Z^'^" ' ^ 

16* 



186 MI8CXLLANB0U8 KXAMPLSS 

21. Remember that, in diyiding exponential qaantitlM^ aa 
a* bj a\ we subtract the exponents. 

17a')51a'(3, one factor in the quotient 

m — n 



Difference, 2n 
Whence, 8(c — 1)*" is the required quotient. 

22. Dividing bj 1 — a, we hare — 5 + 6(1 — a) — 
1— 6a, Am. 

23. Here, m — n is equal to (\/«r+ >/x) (ym — \/J), 
and we are required to divide by this last factor. Then the 
other factor, y/m +>^ny must be the quotient 



24. a>+ ab+ V 
a* + a\/db + ab 



(a + y^ab + b 



a — y^ah + b, quotient 



— ay/^ + V • 

— a\^ — ab — by/ab 

aft + b>/ah + l^ 
ab + 6%/aft + 6« 

26. We assume that (^ — y) is one factor. 
«V — oji/' — aay + x — y(a? — jr 



— ay + « — y 
0? — y 



Ay, remainder 
C 298, 299 ^ 



Whence, (jy + 1) — is the other factor. 



M16CSLLANE0US EXAMPLBS. ^87 

26. Ilere^ as 402 is common to all the terms m the first 
quantitj, and not common in the other quantity, we shall 
divide the first qnantitj by it; and that qoantitj thus re- 
duces to 

a« — 3mi + 26c. 

In the second quantity, bmx is a &ctor common to all the 
terms, and therefore we will cast it out by division ; and the 
second quantity will thus reduce to 

a* — 3mz + 26c; 

the same as the other. Hence, this last quantity is a divisor 
common to both quantities, 

27. 2aj? )3a*a? 4aj?y 16ag » 

2) 3a 2y Sx» 
Sa y 4a;" 
4aa: x 3a X y X 4j;" =. ^Wa^, Ans. 

28. If we multiply the third quantity by a, the product^ 
a^c^^9cLcm}, contains all the factors of the other two quanti- 
ties ; hence this product is the least common multiple. 

29 Observe that the numerator is equal to (a — b )v^a6, 
and that the denominator is (a — by. Therefore the greatest 
common factor is (a — 6). Dividing the terms of the fraction 
by this factor, we obtain 

a— 6 

(8W) 

I 



ljj$ ICISCKLLANEOUfl SXAJCPLE8. 
1 

80. Obwnre that (•a— -^6)-»=(^«~^)'. 
Whence, m{\/a — -v^6)», or fn(a — 2>/ab + 6), is the ranitt 

sought 

81. Here the difference between two quantities 4 de- 
laanded. 

Represent that difference bj D» and we have the eqnatioii. 

Multiply each member by c* — 1, and 

(c«_l) (c« + 1)D - tf-^c^Qif + i)c; 
(c* + 1)D = c. 
o 



Whence, D « 



c»4.r 



82. D — 'i + :3 + -i-n rT-r* 

sr «* 0!*+ 1 « ac* +1 

Dx« (x* + 1) — 1 + a; + x» + a* + SB*— x»— «*— «» 

_ 1 + x — a* . 



84. , , -5 -^ , or by — — « , Am. 

(299,800) 
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85. i<# % a + a; >» P, and a — a; Bs Q. 

Then, Q ^ 

P Q 

Multiply the terms of the fractions by P Q. 

P» + Q» P' = o' + 20* + «» 

P» — Q« Q* — a' — 2ax + x' 

P« — Q' = 403! 

P> + Q»-2(o' + aO} 

a' 4- Jfc* 
Fhencn — ~- — is the result sought 
Zax 

t6. Multiply each quantity by ^^ci ; then we must divide 
2\^ — a — 6 -?- >^a — ^^6^ 

a — 2>/ah+b ^__ ,^ 
That is, divide — ^ y^ = %/a — v 6 = -4n». 

87. (a + 6)' « a« + 2a6 + 6» From a" — 6' 

(a — d)« — a«— 2a6 + &« Sub. a' — 2ab + b\ 

Difference, 4a6. Diff. 2a6 — 2b\ 

88. (a + 5)» = a« + 8a'6 + 3a6« + 6^ 
(o — by = a» — 3a'6 + Sab^ — 6^ 

Difference, 6a*6 + 26» 

(1 + 5)»«l + 36 + 3&» + 6» 
(1 — ft)» « 1 — 86 + 36' — 6^ 

Difference, 66 + 26», 

„ _. 6a«6 + 26> 3o' + 6* 

(SCO) 



190 MXSCBLLAKE0U8 KXAMPLB& 

40, Let b =■ v^ — 1 ; then we mnst cnbe ab, which gives 

41. This is easily raised to the 9th power by French's 
method of coefficients. 

Oi - 2" » 612 

0.- H!«i^^J|liii - 512 X 81 

C- Hi2L|lj|lxJ _ 256 X 667 

C.-^«ii|^fliii- 576x567 
^^, 576X567X5X3 _^^^3^ 

C,-^«L><||4li<i-567x864 
0.-^-^Iii|^4lAi- 729X482 
0.-^^i^!|4AxJ„729^162 

0„-Z?ii^^|2i<J„ 729X27 

Thence, 512o« + 256 x 27o'6 + CoV + C^cfV, Ac, to 0» 
(800) 
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12. From (jc + v^)' « «" + 2xy^a + a 
Sabtract (x — ^a)' « a^ — 2x^/a + a 

^xy/a =s 2ay/ab 
2x =a a\^6 



43. Divide each tenn by ^3a. 

m + 2o 



xy^m 1 , ^4c» 
Then, « 1 + -— - 

x>/m a m + 2c; afs 

44. Multiply by ar, and 

5 ^/a = (ft+ ^J*)?,, whence, x^hsTd. 

45. By transposing the 2d tenn, we have 
4 -^+l.^_.l-8; 



a?— 1 
whence, a;* = 9, and ap =■ rt 8. 

46. Divide by 5 ; then, 

f-Z-. » a?— 1 ; OP, T ^a? — l. 
5a? + 5 ' ' 5 

a;> + 1 « Sx" — 5 
_4aj» = — 6; 2a?« ^6; a?=. db^^^G. 

47 Clearing of fractions, and a?^a^ — 1 ; 
OP, «* — a?* = 1 

4«*— () + l «5 

2^ _ 1 = ^/5 ; 4a?' = 2 d= 2^5 

2a; =. ± ^2=fc2^5 

a? = d= i^2 =t 2V'o; 
(800,801) 



102 XIS0BLLAKB0U8 SXAHPLE8. 

48. Giren y/ZF^Tg ^ . ^^ . 

VSx — 9 

whence^ 6j? — 9 ■■ 4x ; and :r a 9 

49. Expand 

(l + xym,l + 6x + 107^ + 10af + 6a* + a^ 

(1— a;/-. 1 — 5a? + lOx* — 10«»+ 5j?»— a* 

Sum, 2 + 20a^ + 10a:* « 242 

a?* + 2j;* « 24 

x*+2a:«+l-.26: ««+l-.d=6 

x* » 4, or — 6 

a? «=h2, or=b%/ — 6l 



60 Here, 0, - {^/fy «= 2» « 8 

\/2 

2>/3^ 

^_180_x_4x^-^^20Vff 
8v2 

4v2 

_ 270 X 2 X -^S 

0. ^;^ -64V« 

6v'2 ' 

irhence, 8 + 24v^6 -f 180 +, See. 
(Wl) 



MI6GBLLANS0US SXAMPLBg. 1<)8 

51. Divide numerator by denominator, and we hare 

y — 3-7— y; 
2y « 10 ; y « 6. 

52. Divide numerator by denominator, and 

6a? — 8 = 7 — 6x; 10a? =- 10 — ; a? — 1. 

58. Doable every term, and 

d? + 4 — 6— a? + 6 — Ja? 

2a?=7 — ix; 6a? =.21 — a:; 

7a? » 21 ; a? — 8. 

54. Multiply the factors in the second member. 
«» + 2a?» + a? =- «■ + 8a?" — a?*— 3a? + 82 ; 

4a? a 32; a? — 8. 

55. Expanding the binomials ; 

(a? + I/ — a;»+ 6a;» + 15a?* + 20a?» + 15a?» + 6a? + 1 
(x — iy= a?* — 6a?» + 15a?* — 20a;» + 15a?« — 6a? + 1 

Difference, 12a?» + 40a;» + 12a? « 1344a?. 

Dividing by 2a;, and we have 

6a?* + 20a?« + 6 « 672 ; 

3x* + 10a?« =1 333 ; assume a?* « f , 

o 
Then our equation becomes 

J + 1^-838; ^ + 10y-999; 

y«+ + 25-1024; 

y + 5 « rfc 82; andy = 27, or — 87. 

87 i VI 

Then, a?*iw9, or a?*«— -^ ; a?*=±8, ora?«d=\/ — -^, Am 

17 (801) 



IM MXSOKiLAKlOUS iBTAifP f.i?f. 

66. Add the two eqaationi, and we^shflil hav^ 
6a; + 6y » B6 



x+ y- 6 
5a? + y « 26 



> Difference, 4^7 a 20 ; x m 5 



67. Add the two given eqnatioDB, «id 

(a + c)w + (a + c)y^ac^ + 2a»c» + <i"o 

— oc (c» + 2flc + «»>. 
Diride by (a + c), and 

« + y =^ ac(a -j- c) 

Multiply by a. and ax + ay bm a*c(a + c). 

But, ax+ cy^ 2(iV. 



By subtraction, (a — c)y « a»c — o'c' ■» a*c(a c). 
By diyisioD^ y «i a*c. 

58. Add 2z to each side of the first equation. By U me 2d, 
and 4x to the 3d. 
Then, x+ y + z ^ 4c + 2z 

2x+2y + 2z^ 6 + % 
8« + 3y + 3z « 6 + 4a:. 
Assume x+y + z^S] then 

8 = 4 + 2« (1) 

28 «= 6 + 3y (3) 

38 =s 6 + 4x. (8) 

Multiply a) by 6 ; (2) by 4 ; and (8) by 3 ; then we shaU bave 
68 = 24 + I2z 
88 := 24 -f 12y 
98 = 18 + 12a;. 

By addition^ . 238 « 66 + 128; 

or, 118 = 66 ; whence, 8 « 6. 

This value put in (i), gives 6 » 4 + 2z; z mm I. 
Equation (2) will give y, and (s) will give x. 
(301) 



MISOBLLAKSOUS SXAMPLC8. 195 

59. Adding the equationSi Md we have 

Sn + Sx + Zy+Sz^ 12a-.80m; 
or, n+x+y + Zssia — 10m. G> 

But, n+x+y eaSa — 6m. CO 

Subtracting (2) from (i), and z a a -» 4m. 
From 0) subtract each of the given equations, and we shall 
have the yalue? of z, y, x, and n. 

60. Double the first equation and add to the second, and 
4^ + 2ar » 42 ; or 2a;' + x » 21 ; whence, xwm&. 

61. The equations are homogeneous ; therefore put x^v^ 
Then the equations become, vV + 8^^ « 28 ; (i) 
and. vy + 2iy sb 35. (S) 

28 35 

28u* + 56v=i35«»+105; 
— 7i;« + 56w— 105. 
Dirideby— 7,andw« — 8t;=» — 15; t?«— ( ) + 16« 1; 
r — 4 asas dbl, v^ 5, or 8. 

« , ,• 35 35 , 35 , 

^""^ ^^irf2i-25+10-^5 ^'^'QTS-J- 

That is, y — rfc 1, or ifc v^} — db ^ ^21. 
Again, x a vy a 5, or ^21. 

62. X + ^^xy is equal to (y^x + v^) V^; 
y + V^ is equal to (^/« + ^)^^ 

C«tt) 
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Now, If we divide tbe lint qnantitj by the Becood^ the Talne 
01 the quotient will be 

v^ 15 8 

By sqaaring, x » }y. 

By Bubtracting the giren equation, we hare 

X — y«B 5. 
Then; |y— y«5; 

9y — 4y=a5 X 4; 

5y =» 5 X 4 ; and y =■ 4. 

68. Double the second equation, and add it to the firss 
Then we shall have, 

a?* + 2x«y + y« — 196. 
Square root, a;* + y a =b 14. a) 

Sublimating the product, and 

«* — 20?^ + ^* — 16, 
Square root^ a? — y ■■ 4. (A 

Adding (i) and (2), 2a^ » 18, and ^ » =i= 3. 
Subtracting (2) from (i), 2y » 10, and y a 6. 

64. Let 15x SB the distance between A and B.. 
A traveled ^ of 15^, or 6ar, and B traveled 60; 
Then they were 15^ — llx ^ 4a? a 16 miles apart 
Beducing, a? a 4, and 15^ ss 60, Jns. 

65. Let 0? ■■ the greater number, and y the less. 
By the conditions, or + y so 80, 

and y — x+ yi2x — y :: 1:7 

14y — 7x^2x — y 
15y ss 9xy and 5y a 84? 
8r + 8y ss 80 X 8 

8y B 80 X 8, and y B 80. 
($02) 
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60. Let « a the number. 

67. Let lOOa? J- lOx + x^ the number, 

4a? + 4ar + 4a? 

96a? + 6a? — 3a? = 99x = 297, and r — 8 
Whence, 333 a the number. 

68. Let X s the number. 

Then, a? +l:a? + 4::a?':aj^ 
or, a?+l:x + l::l:« 

whence, a?* + a? = a? + 4, a?» = 4, and « = 2, Am. 

69. Let a? and y represent the capacities of the saska 
Then, 2a?+10y= 50 0) 
And, 6a?+ 5y=. 60 (2) 

The double of (2), 12a? + 10^ = 100 *») 

Subtract (i) from («), 10a? =« 50, and a? -• 6, 

70. Let X = the income of each. 

One spends ^j^x. 

9ar 
The other spends j^ + 150 = a? + 20. 

whence, ^ = 130, and a? a 1300. 

71. Let X sa the number in each. 

After selling, he has in one flock a? — a sheep, 
and in the other, x — h sheep. 

Then, 3a? — 3a » a? — b 

2a?s-3a — 5, and a? « ^(Sa — 6;. 

(S02,S0S) 

17* 
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72. liBt a^ and y* represent the nmnfaera. 

Then, a* + y» « 72 (i) 

and, a? +y =» *6 (i) 

Dividing (1) by (^«'— «y+y'^12 (i) 

Squaring W, a;» + 2jy + y« « 36 (4) 

(3) from (4), and &ry « 24, and «^ «« 8 (s) 

(fOfromw, «■ — 245y + ^=»4 (8) 

a?— y«2 a) 

But (2), a: + y «» ^ («) 

Adding (7) and (S), 2x^A, opssi, and ^'^aC^, one number. 
Sub. a) from (S), 2ys4, y^2, andy'«8, the other number 

73. Let X and y represent the numbers. 
Then, («« + y*) (ar + y)i «^ 2836 

(aB«— y«)(aj_y)|« 576 

«• + aV + ay* + y* « 2836 a^ 

a»~a:>y~xy» + y*-» 576. (t) 

By addition, 2a* + 2y» « 2912 

x» + y» « 1456. ^) 
By subtraction. 2x»y + 2xy* « 1760 

a^ + xj^^ 880. (4) 
Three times (4) added to (»), produces 

«• + 8x*y + 3xy« + y* = 4096, cubes. 

Cube root, « + y ■■ 16. («) 

Factoring (4), and xy{x + y) ■■ 880. (6) 

Dividing (6) by (6), «y m 55. (7) 

(3) divided by (s), gives ar* — «y + y» « 91. (i> 

Subtract (7) from («) x* — 2a:y + y« «« 36. (t) 

Square root, x — y ■■ 6. (io> 

Add (A) and a»), 2x «b 22 ; and x « 11, 

(SOS) 



Squaring, ^' + i^* = ^, - 2ay. (^ 



(4) 
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74. Let X and y represent the numbers. 

ic^ (a? + y ) = 84 « a a) 

xy(x* + y») = 3600 = 6 (» 

a 
From (1), ^ + ^ "* j^ 

6 

From (2), a* + y* « ^• 

Equating the 2d members of (3) and (*), 

a' ^ h 

and, ^«~ ^^""^ 

a' — 2xy — 6; 

whence, a^y « (^^"T") "" ^^' 

This value of xy substitued in (i), and reduced, gives 

oc + 2/ ^7 
And substituted in (4), gives a:* + / « 25 

2xy «= 24 

Subtracting, x' — 2a:y + y* = 1 

X — y=l 

g; + y = 7 

2« = 8 ; 
whence, a;=r4;y = 3. 

75. Let X represent the price of a duck, 
and t/ the price of a turkey. 

Then, 15x + 12y ==. 105, a) 

18 « 20 



lOaJ 
Divide (-2) by 2, Ac, % — xy = lOx ; y « g^^^. 

(303) 
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™^ V ic . 120* 
Whoie* mbecomet Ibx + - • 


-105; 






' + »-* 


-7 




9x 


— a^+ 8x 


-.63 — 7x 






x» — 24x 


-—68 




a». 


-0 + 144 


-81 






X — 12 


-±9; 


whence, 




X 


-21; or, 8, 



Bat X cannot eqnal 21 in this problem, because — repre< 
Bents a number of turkeys for 18 shilling^ ; but if x « 21, 
gY> ^ afracttan. 

76 x + y 4- g^l2 <i) 

y X aa Z y (S) 



From m, we obtain 2y ■■ x + f • 

Sabstltute this value of ^x -f z) in (i), and we bare 

3y «12; y = 4. 
Tben, X + « = 8. 

From (2), 5x + 8 = 32 ; 

3x + 3« = 24. 
Sum, 8x « 16, and x — la. 

77. Let X represent a side of the square in rods ; then 
160 ^ *^® number of acres ; 4x «» the length of fence inclosing 
the square J and 40x =- the number of acres. 

(308) 
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Whence, rgg "" ^^^ i ' *» ^^^ ^^^ — ^^ Q'^l^ 

78. Let ^ represent the number of men on a side. 
Then «* + 92, the number in the regiment 

Also, (x + 2)' — 100 mn the number in the regiment 
Whence, 
a^ + 4ar + 4 — 100 — a;» + 92 
4^_ 96»92 
w— 24«23; a?«47; 47'+92«2301, Jiifc 

79. Let 207* a the number of bees. 
After the 1st flight 2a^ — x bees were left. 

8 ^^ . 16a» 
^of2^ g-. 

16x^ 
Whence, 2x'—x §-"=2 

18a- — 9a: — 16a:* -18 
2a:« — 9a?«18 
l&r« — ( ) + 81 = 144 + 81 « 225 

4a? — 9asd=16; andapa6, or — |. 
Whence, 2x' « 72, Ana. 

80. Let X represent the distance above the ground ; then 
56 — 0? B the part broken off, which forms the hjpothenuse 
of a right angled triangle ; 12 being the base, and x the per> 
pendicular. 

Whence, (56 — «)« « 144 + «« 

6? — 112d:-144 

112x - 56" — 12" - 68 X 44. 
Dividing by 4, and 28a? - 68 X 11 

7a?«17 X 11-187; jp»26«. 
C8M) 
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81. Let 07 B the greater part, and y ^ the ] 

« + y « 20 a) 

Prom a), «• Bsi 400 — 40^ + y*. 

Whence, y" + 4fy — 400 

y» + ( ) + 2P « 2r + 400 = 841 

y + 21 -a =1= 29, and y B 8 ; whence, % » 12. 

82. Let {x — y), dP, and (^ + y), represent the nnmbera. 

84r««27; dx»9; 

That is, 81 — 77 =» y* ; whence, y — 2. 



83. 


Let X = tlie width of the walk 


Then, 


18-2x= « lftngt,h « « 


And, 


(18-a»)as=s « wcft . « « 


Hence, 


(18-2*)* = ^ 


Whence, 


^-«— ¥' 



or, 4^-i )+81 =-«^+?|? ^ If ^ 54i. 

2«-9 =±7.3711+ 
X = .8144+ rd. = 13.4376+ ft., Ana. 

In the Ist edition tlie answer ejOrsresponds to a walk onV 
aide of the garden. 

(W4> 
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84 Let 09 and bxi b« the nnmben. 
Then, ma + oibx+eizbzQ 
6aa? + 6c = 66x + 60; (W — 6a)a? = o 

c ac . 

85. Let ^ represent the cost of the horse ; 
and 144 — x = the gain ; 

But 100, gives x. 

Therefore, x : 144 —x : : 100 : a? 

«»«: 14400 — 100a? 

x" + 100a? +50" = 14400 + So'^lOpOO 

a?+50=r±:130; and a? = 80, -4iu.. 

86. Let 5x and 8x, be the numbers. 

Then, 5» + 200 ; 82; + 120 : : 5 : 4. 

Divide the 1st and 8d terms by 5 ; and the 2d and 4tli by 4. 
Whence, a: + 40 : 2x + 80 : : 1 : 1 

2a; + 30=:a? + 40 ; x = lO ; whence, 5j: « 50, and 8a? z^ 80. 

87. This is illustrated in the text book ; we take it where 
the book leaves it* Make xV == Pi '^^ clear of fractions ; 

4P» = 6* — «T» 

4P» + aT«6« a> = 81 

4 X 16P' + ( ) + a*==a* + 165' <i*=a656l 

8P + a' = =4=Va*+166« ft* = 820* = 672400 

iSP + 81= db %/l0764961 = db 8281 
8P = 3200; P = 400. 

That is, a:y = 400 

xy=20. 

QOA 

But, x» + j^=~ = 41; 
^ xy ' 

and, x^rr-y"^ ft 

Sum, 2x'= 50, and a?= 6 

ay=:20; 5y = 20; y = 4. 

(SOI, 805) 
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88. Let X = tbe bones ; a; + 8 s= the eow& After hb 
parchase and sale he bad (a; — 8) hones, and (x + 5) cows. 

x+b = bx — 16; 4x = 20; x^b. 

89. Let X mss the nnmber of boys ; then the chaige to each 
was If the number had been x + 2, the charge to each 

,.? K 1200 
would have been — r-rj. 
z + 2 

x^ 1200 1200 ^ ^^ 

Whence -» — :— a + 80 

X X + Z 

40 40 

» '■« + 2 ■*■ ^ 

40x + 80 s 40x + x* + 2x; 

whence, a^ + 2a; + 1 = 81. 

x + 1— ±9; andxi=8. 

90. Letx Bs the rate per hour that the man can row his 
boat, and y «= the rate of the flow of the river. 

NoTS. Going down the stresm, the onmnt is with th« rower; np the 
riTer it is against him. 

2ia? + 2iy » 15 a) 

7ia? — 7iy =. 15 « 

Double a) and {*>, 5^; + 6y as 80 (i» 

15x — 15y = 80 (I) 

Divide (4) by 3 bx — 5j/ «= 10 (ft) 

Add (3) and (6), lOx ■= 40 ; x = 4 

Subtract (6) from (8), lOy » 20 ; y — 2. 

91. The first quantity reduces to - ^ ~g. The 2d to 

x* — 5x •v* -J- f J ^r* — X X — 1 -_ 

___. Dmdingasreqnircd,^— 3-^;or,^— g. Now. 

write 5^ for x, and we h&re-r =i f ■« 9, Arts. 



rsos-) 
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92 The formala for this problem is 

(1.03y« X 200 = $268.78 nearly. 

93. This problem amounts to this, that we are required to 
simplify and add the complex fractions 

+ 2a — p A + 26 



a + b^ a + b 



4^ 2a ^.- 26. 



a + b 

Bj dividing the terms of the first complex fraction bj 2a^ 
and of the second bj 2b, we hare 



a + b . a + b 



2V_i _?l,_i. 



a + b a + b 

Now, multiply the terms of both fractions by (a + b), and 

there results 

36 + a 8a+ 6 

b — a ■*■ a — &' 

Changing the signs in both terms of the 1st fraction will not 
change its yalne ; therefore, 

— a — 36 , 3a + 6 2a — 26 „ , 

— :;; — ir + ^ — n = ":: — r- = 2,Jn«, 
o -— o a — o a — 6 



94. A geometrical mean between two quantities is the 
f quare root of the product. The product is 

48a»6M; 

Square root, 4\/3 x aH"4P* = 4a« v^SJT x h^'^ «* 

(806) 
18 
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95. Let X ■=> the smn ; then, the sums taken were ^ — 20, 
|— 30, and 1 40. 

2+g ^i-^^^-T? 



Hence, ar-^ +« ^. ? -, 90 - ^ — 90 « 1080. 



96. Let X — 8y, s; <i— y, a? + y, and «p + 8y, represent 
the nambers. 

Ob — 3y)(» + y)«.27 W 

(x + 3y) (X — y)-72; m 

or, «* — 3jry + «y — 3y' :« 27 » 

a* + 3xy — «y — 3y« « 72. (4) 

Sum of (8) and (4), 2x* — Gy* = 99. <•) 

Difference of (s) and («), 4j:y a 45. <n 

From (8), 2x* » 99 + Oy". 

Prom (6), 16««-=^'j 

whence, 8 x 99 + 48y« = ^ij*. 

Diyiding bj 3, and clearing of firaetioas. 

(16y» + 8 X 33)y« « 15 x 45 - 675 
16 X I6y* + 264y» + 26? « 16 x 675 + 264' -112896. 
Square root, 32y' + 264 » ± 336 ; 4y* » 9 ; 2y»3. 
But 2y is the common difference. 
From («), we haye (2x) (2y) « 45 ; or, 6x = 45 

2x » 15 ; a; » . 
Hence, the nnmbem must b^ 3, 6, 9, and 12 
(806) 
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97. Let X a the capital 

Capital at the close of the 1st year, =^ m mm ^x. 

This must be increased by ^; that is, multiply by 1( a {. 

6 23 
Capital at the close of the 2d year, f X ^n X a?. 

This mast be increased by ^ ; that is» multiply by 1^ a j. 

5 6 23 
Capital at the close of 3d year, i X ? X on ^* 

Then, iX§x||xa:— ««= 1000.6. 

That is, ^—« a 1000.6 

29ar a 40020 ; and x a 1^ a 1880, Am. 



98. Let (x — y), «, and (x + y\ represent the nnmben. 
Sam, 8a:; a 15 ; a: a 5. 

Product^ x(x> — /) a 5(25 — y*) a 80 

25 — v» a 16; 9 a y*; and y a g. 

99. Let X — y^ X, and as -f y, reprea^t the ftnmbers ai 
befof^, 

(x — y)' + «« + (x + y)? a 2900. 
Expanding and adding, 8x* + 2y' a 2900 

x« — y« a x" — 100 ; y» a 100 

y «10. 

Then, 8x" + 200 a 2900; x» a 900 ; x a 80. 

f806) 
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100. Let X a the nnmber. 

101. Let X » the number. 

Tiien, a: + 1 : a; + 11 : : 1 : 3 

8^6 + 8 « re + 11 ; 2x «t 8 ; « « 4 

102. Multiply by (a + b)\ and 

whence, x «=■ — —r. 

o + 6 

103. The equation is, 40 — a; » 100 — 3x ; x^m 80. 

104. Let x*, and y', represent the numbers. 

Then, x« + y* =» 400, a) 

and, X + y « 28. <«) 

Square W, x> + 2xy + y*=i(20 + 8)«« 400 + 2 x 160 + 64 

Subtracting a), 2xy » 320 + 64 a 384. (S) 

Subtracting (8) from 0), x" — 2xy + j/* » 16. 

Square root, a?— y»db4) , x s«16, or, 12. 

^ > whence. 

But (2), X + y — 28 J y .=12, or, 16. 

x* » 256 ; and y> » 144, iina 

105. The horse was bought for x dollars. 
The gain was a — x dollars. 

Then, by the condition, we hare 

(307) 
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x:a — a?::100:« 

a? + IOOjt « 100a; 
whence, x» + lOOx + 2500 — 100a + 2600 = 100(a + 25). 
Square root a:. « ± lOv^a + 25 — 50, Ans. 

106. Let X s the first nnmber, and y the ratio. 
Then x, xy, ayy", are the numbers. 
Product, a*3/* « 1728 a); « + a^ « 40. (2) 

Cube root of a), xy «=■ 12, the second number ; (■) 
whence, 12y =» the third number, and (2) become* 

X + I2y^ 40. 



12 ^ 12 

— : whence, — 

y ' y 

3 + 3y»=. lOy; y -= 3. 



19 19 

But from (8), « =» ~ ; whence, ^ + 12y = 40 



107. Let nuc and nx represent the numbers. 

Then, m»x" — nV = d»; (m* — n')-c« = <P. 

Square root, and divide, 

^ md - 

mx wm — , one number 



108. Let or, ary, «y*, xt^, represent the numbers. 
Then, x + xy + xy^ + x^ ^ Sb; a) 

and, X + xy I xy" + xy' : I I : 16; 



or, 


1 : y* : : 1 : 16 ; whence, y 


Equation (1) is 


» + 4x + lOx + 64x =» 85. 


That is. 


85x a 85 ; and a; » 1. 


18* 
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109 Let bx » the perpendicnlar, and 7x = the hjpot* 
euase. 

49x« = 25x« + 400 j 24r» ^ 400; 

4x« «t 66f ; 20 - ^66{; 5x i- ^V^OS}. 

110. Let r represent the ratio. 

5744^ 2 

Then the snm of the series = =-— . 

r — 1 

The quantities 2, 2r, 2r'i 2^ 2f^, represent fiye of the 

nnmbers. 

Then, 2r — 2 : 2r» — 2r» : : 1 : 9 ; 

1 : r* : : 1 : 9 ; whence, r = 3. 

This Talne, 8, substitnted hi the expression for the snm, 

gives ^^^ ^i^~^ =^ 2187x3 — 1 = 6660, Arm. 

111. Let « + y X3 the greater number, and x — y =• 
the less. 

Their snm is 2x, and the snm of their squares, 22* + 2^*; 
whence 2x« + 2j/« + 2a? = 18 ; 

or, j:* + y» + « = 9. a) 

The product is x' — y* ; whence, a* — 5^ = 6. (S) 

Sum of (1) ftUd (2), 2a:* + a = 16 

Completing square and extracting square root^ 
4x + l =±11 
a: 2= f , or — 3 ; 
and from (2), y = =fc i, or d= v'f. 
Hence, a; + y = | = 3, or — 3| ; 

Wi*., a; — y = 4 = 2, or — 2^. 

(Sd7, S08) 
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112. Let X and y represent the namben. 

x-^- y\x — ^.:4:1; or, ^ + y=:4x—i 4y a) 
5y=.8x, 1253/» = 27x» 
a:« + j/«=162 » 

Maltiply (2) by 27, 

ftnd, 27x» + 273/« := 152 x 27. 

That is, 125y» + 27y» =:= 162 x 27 

\hlxf = 152 X 27 ; y» = 27, andy = 3. 

113. When the 9 terms are fonnd, the series will consist 
of 11 terms, of which 36 is the last term. 

Bj the formnia L = o + (n — \)dL 

.Bat^ L = 86, a = 6, and n — 3 = 10, 

Therefore, 36 = 6 + 10(f, and <l « 3. 

Now, 3 added to 6 gives the next term, and so on, giving 
9, 12, 15, 18, 21, etc., for the means. 

11 5 For the solution of this problem, we have the formnles, 
L = a + (n — l)d a) 

S = (a + L)| (2) 

Here, a = .034, d = .0004, 8 = 2.748, and n is songht. 
L = .034 4- •0004(n— 1) .0004 = .0336 + .0004n 
as B= .034 



(a + L) =» .0676 + .0004n 

(808) 



Slf MI6CBLLA17SOU8 IXAHFUM. 

Whence, (i) becomes (.0676 + .0004n)^ == 2.748 

.0004n« + .0676n = 6.4960 ; 
or, «U'+ 676fi =54960 

n«+ 169n =13740 

n« + 169ii + (^)'= 20880.2£ 
n + 84.5 = db 144.5, and n « 60, Ann 



116 The formula for the solution of this problem is, 
L « a + (n — l)d 
230 » a, 13 » n, and 13.8 (1 year's mterest) = d. 

Hence, L — 230 + 12 x 13.8 = 395.6. 

• 

117. Here, L = 3 + (n- l)g,and S=(6 + (n-l)i)g 

88 - (17 + n)|, and S « (17 + ii)J, Ans. 

118. Let P represent the principaL 

35P 
Then the amount for 5 years is ^^ + P = 817.79 ; 

135P = 81779; 
P s 286.40. 

119. Let y represent the ratio. 

Then, 6y« = 4874 ; whence, «/• = 729, 

Sqaare root, y» = 27 ; y « 8, ratio. 
(808) 
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120 Let P = the principal, and A the amount 

6P 

Then, j^ = interest for 1 year, 

, , 36P , _, 136P 

^^ Too+^ = -ioo- = ^'' 

P s 176} ; whence, 

136 X 175i ^^^ _ . 
—Yoo — ' = $238.68, Am. 

121. Let ar, xy, xxf^ xxf represent the fonr nnmben. 
Then, a; + a;y* a 85 ; (i) 
and. ay + ay = 80, (2) 

6_6y+ 6y'-=7y; and6y — 13y«_6 
4x86y« — ( ) + 169« 169 — 144 -26 
12y_ 13 =.±6; andy«|. 

122. The formula for the solation of this problem is, 

L = ar— » 
875 » a, 1.06 = r, and 7 » n. 
Hence, L = 875 x 1.06« = 1241.20 +. 

123. Let X and y represent the numbers. 

Then, 3a:y-= (x — y) (x« — y^ (i) 

45aV«(x* — y*)(x« — y*) (S) 

m diviied by a), 15xy — (a:* + y*) (a; + y ) (S) 
(3©») 
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Mnltiplj (D and (•) its indieated, 

and, Sxy = a:* — x*y — xy* + j^ (45 

Ibxy =s a;» -f x*y + xy' + J^ (*) 
Diflf., I2xy ^ 2x^ + 2xy^ 
Dividing bj 2xy, 6 ■= a; + y C») 

Add (4) and (6), ISxy ^2a^ + 2t^ 

9xy a ^ 4- ys (i> 

JK* — jpy + y*«»-?^, by dividing 0) by («)• (i» 
Squares, a5» + 2jry + y»«86 « 

Subtract (S) from (»), 3ary =s 36 ^ ; and a?y « 8. a« 

From (6), flp « 6 — y, and from (lo) x =« - • 

whence 6 — ysto-;.^* — 6y»» — 8j and y =? 4^ or 2 

124. Here L = ar»-\ as in Problem 122, 
300 =s a, 1.03 = r, and 7 = n. 
Hence, L = 300 x 1.03* « 368.2166. 

126. Let X as the breadth of the plat of land, 
and, 07 + 4 SB its length. 

Theny.jc* + 4x a the sqnare rods, and 4x + 8 » fhm 
perimeter. 

Whence, a» = 8 ; « — ^/IT 

(8e») 
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126. Let X «B the side of the cabe. 
Then, a? « the solid contents. 

\/Zx^ S3 the distance from anj corner to the extreme oppo- 
site corner. Whence, a,-* » a?\/3 ; a' *» V3 ; a? = (3) . 

127 Let X and y represent the numbers. 
Then, ary =» 4 (x — y) a) 

«* — y" = 9(jf + y) (s» 

Divide (2) by (j? + y), x — y «=» 9 (S) 

Now, (1) becomes a;y =» 36 (^ 

Sqnare (3), x" — 2xy + y' =» 81 
But, ^xy =» 144 



Sum, X* + 2xy + y" =» 225 ; whence, x+y»16 (») 

from (8) and (s) we find, x =s 12, aad y = 3. 

128. Let X as A's eggs, and F the price of each. 

Also, let y = B's eggs, and Q the price of each. 

Then,. x + y = 90 a) 

Px«Qy W 

Py-32 (8) 

Qx = 60 (4) 

0/x\ 50 25 
Divide (4) bj (s), and ^{^ =* 32 ^ 16* ^^ 

(M9) 
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X Q Q 

From (2), we obtain - « ~. This y alue of ^, put in <6\ g^yei 

fX\ /x\ 25 cc" 26 , 6y 

(y)(j)"l6'' or. ^=ie; whence,*-^. 

ThiB yalne of a; snbstitated in 0), and 

^^+ y-90 

5y + 4y s 90 X 4 ; whence, y a 40, and x ■■ 50 



129. Let X and y represent the nomben. 




x* — y'-W 


C^) 


8x'--2a;y-82 


w 


Let^BBvy; then a) becomes 




wV'— y»-12; 


It) 


uid (J) becomes 8tyy — 2v^ ■■ 82. 


w 


52 , . 82' 


fln 



whence, 



v»_l 8v« — 2v 

9v»_0v«8t;»— '8 

v» — 6t;=i_8; i;» — () + 9-l 

V — 3 = =h 1 ; and v « 4, or 2. 

Bnbstitnting these yalues of v in (»), and 

12 12 4 

*" ■" 15' ®' "3 ' J^"= 3' ^^ ^- Whence, y « 2, and «-• 4 

(«I0) 
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130 As the nnmber of terms is odd, let x ^ the middle 
term, and let y » the common difference. 

The series is a^ — 2y, x — y, x, a; + y, and x + 2y. 

Sum, 5a: = 25 ; whence, a; = 5 

The product of « — y and a; + y is x* — y*. 

The product of x — 2y and a? + 2y is x" — 4y". 

Whence, 5(x» — - y*) (x« — 4y«) » 945 

(x«_y«)(x« — 4y*)« 189 

ar* — a:«y« — 4a:»y* + 4y = 189. 

But, a?* = 625; 

whence. 625 — 125/ + 4y* =s 189 ; 

4y» — 125/ = — 436 

Oomplete square and extract square root, and 

8/ — 125 =» =1= 93} 8/ = 32 ; and y — 2 

131. Let X SB the greater measure, and y = the less. 
a;j/ =» 40 (1) 

t2x 4- y) (a? + 2y) « 432 (2> 

2x* + 6a?y + 2/ » 432 
Subtract O), 2a?« + 4xy + 2/ » 392 
Divide bj (2) and extract square root, and 

a? 4- y = 14 c», 

40 
Prom a), a? = — , and from (3), x = 14 — y ; 

y 

40 
Hence, - — 14 — y; y* — I4y « — 40 ; andy = 10,or4 

(810) 
19 
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132. Let X sss the workinf^ days, and y s the idle dayg. 
Tben, 150a; — 65y » 

« + y =r 129 
65x + 65y »r 129 X 65 

. 215j: m, 129 x 65 ». 8885. 
Whence, x = 39, and y « 90. 

133 Let X, y, and P represent the numben. 

ary = 6 a) 

arP « 8 («) 

yP = 12 (») 

Prodnct of O) and (2), jr*Py = 48. 

That is, 12a:* » 48 ; 

whence, or* b= 4 ; and x « 2. 

134. Let P s= the perpendicnlar. In every triangle half 
the base mnltiplied Into the perpendicnlar, is equal to the area. 
Therefore, 25P « 600 = 6 x 100 ; 
and, P = 6x4 as 24, the perpendicular. 

Let S represent the shorter side adjacent to this perpenr- 
dicular. 
Then 8 -f 10 =» the longer side. 

(310) 
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Now, by the property of right angled triangles, 



v^ga 24* = ^"® segment of the base j 

^^^S + 10)* 24* *= ^^® other segment ; whence, 

^(S + lOy — 24^ + v^S» — 24' = 60; 
v/S« + 20S + 100 — 576 ?== 50 — %/S?'^=^576. 
By squaring, 

S» + 20S — 476 = 2500 — 100v/S^^==^76 + 8* — 576. 
Reducing, 20S = 2400 — 100\/S* — 576. 
Transposing, &c., 5\/S*— 576 = 120 — S. 
Squaring, 25S* — 25 x 576 = 14400 — 240S + S* j 

24 S» — 25 X 576 = 14400 — 2408. 
Diyiding by 24, S« — 25 x 24 == 600 — lOS 
S« + 108 = 1200 
S' + ( ) + 25 = 1225 
S + 5 = ± 35 

S = 30 ; or, — 40. 

The side cannot be — 40 ; therefore S = 30, and 8 + 10 
«40. 

135. Let X, y, t, n, represent 4 numbers in the order here 
written. 

Then, xyt = a a) 

xyn ssa b (2) 

xtn s= c (8) 

ytn = i (D 



Product, a^t^fn* s= ahcd\ 

(810) 
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xytn ■= (jahcdy 
Bat 0), xyt =s a. 

T> J- • ! ^ abed 

By division, n = . 

a 

By a similar process- we can find t^ y^ and x in snccession. 

136. Let i » B's time, and 11 + 4< » B's distance. 
B travels during the last hour, 4^ + (/ — 1) J. 

And B's whole distance is represented by (9 + (( — l)i) 5 

Therefore, (9 + |— ^ )t »« 11 -f 4< 

(86 + < — 1) ^ «B 44 + 16< 

<« + 35< = 88 + 32i 

^ + 8i « 88 ; wheLce, t = 8. 

137. Let 6 « the least side; x = the common diffe- 
rence ; 6 + a; s= the perpendicular ; 

and Q + 2x =s the hypotenuse. 

Then, 36 + (6 + xy = (6 + 2a:)« 

36 + 36 + 12x + a:* =. 36 + 24x + 4«» 
36 •» 12j; + 3j:* ; or, a:» + 4a: = 12 
a:»+() + 4 =16 

X-+2 e=4;anda?B2; 
whence, 6, 8, and 10, are the sides. 
CSU) 
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If the perpendicular is the least side and x » the common 
difference, then 6 — x ^ the perpendicular, and 6 + dp ■■ 
the hypotenuse. 

Whence, (6 + «)•« (6 — j:)« +36 

36 + 12a? + «« = 36 — 12a? + x« + 36 

24a? s 36; 2a? « 3; anda?ali; 
whence, 4^, 6, and 7^, are the sides. 

138. Let a^ and y' represent the two squares. 

««+ y«=62 (1) 

Divide (2) by 2(a? + y), 

2a?» — 2y« = 4(f + y)5 (9 

a? — y = 2. 
Bj squariug, «• — 2a?y + y« « 4. (t) 

Subtracting (s) from 0), and 2a?y as 48. (4) 

Add (4) and (i), x^ + 2a:y +y« « 100. 

a? + y=.10 
But, a? — y « 2 ; therefore a? = 6, a:» = 36, and y* «■ 16 

139. Let a: SB the tens, and y s the units in the number 
Then, 10a? + y &= the number. 

lOo: + y = 2xy O) 

10a? + y + 27 = lOy + a? (J) 

W reduced, 9a? + 27 = 9y 

a? -f 3 = y. 
Tills value of y substituted in (i), gives 
11 a? + 3 = 2a?(a? + 3) 
2a?* — 5a; « 3 ; whence, a? « 3 ; y «■ 6 

(211) 
1!)* 
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140« Lei X — y^m^ and ^ + y> repres^t tW nomberaL 

8 1 

8dp a g- ; and ^ » o ' ^^^ ^^ namber. 

2.2 16 ^ 1 . 1 8 



1 — 2y "^ l + 2y T» "'' 1 — 2y "^ 1 •(■ 2y 5" ' 
l + 2y+l — 2y=.|(l-4j^; 

or. l_*(l_4y'); 

a^i^Wy*! ISy*-!; 4y=l; y-^; 
whence, ^ — ^ » ^ » let number, and | k the Sd. 

141. When the three means are fonnd, the series win con. 
list of fire terms ; hence, for the last term we mast raise the 
ratio to the 4th power, and multiply it by the first term. 

Let r be the ratio ; then, 

1-^2 .4 

Hence, the second term mnst be ^ x ^^^6 => ^VS! 

142. Let X, y, and z be the three qnantities. 

Then, «' + y' + « + y=18 (i) 

a;»+2« + a?+z«=26 » 

/+«*+!/+« = 32 !» 

(811) 
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From the sam of (i) and (2) sabtract (3)^ and we ghali oliUb 
2a;* + 2a? s- 12 
ar*+ arse * 
4«;« + () + l«25;2a? + l = ±55 
Vbence, a; = 2, or — 3. 

These yalaes of x snbstitated in (i) and (2), enable us to find 
y and z. 

143. Let P be any principal, and r the rate of interest 
decimally expressed. Then the interest for the 1st year is Pr ; 
add this to P for the principal the 2d year. 

Then, P 4* Pr, or P(l -h r) ;?e principal the 2d year. 

Multiply by r 

Interest the 2d year, Pr(l -h r). 

Principal and interest added, P(l + r; + Pr(l + r) ; 

or, (P + Pr) (1 + r) ; 

or, P(l + r)' =« the amount for 2 years. 

Then, P(l 4- r)» « " " .S " 

p(l + r)* « u u 4^ a 

&c. » A;e. 

To apply this to the present problem, we observe that the 
first year's interest is Pr. 

The interest for the third year is 

Amount — Principal. 
Hence, Pr : PCI + r)» — P(i + r)» : : 25 : 36 ; 
or. r ; (1 + r)»_ (1+ r)« : : 25 : 36 ; 

r : r(l + r)« : 25 ; 36 

1 : (1 + r)« : : 25 : 36. 

(811, 312) 
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Square root, 1 : 1 -f r : : 6 : 6 j 

whence, 6r ■= 1 ; or, r « 0.2 ; or, 20 per cent 

P(l + ry — P«364 
PClTr' _1)«864 
P(3r + 8r» 4- r») « 864 

But, r « .2 



8r = 


.6 








3^ = 


.12 








»* = 


.008 


i that is, 


.728P 






. .728; 


-364; 






whence, 


P 


»500. 



Sum, 



144 Let x^y, X, and x -\-y, represent the nnmbert. 
Bx a 36, and a; « 12, i the sum 
«* — y' 4- 4 ■■ a;*; whence, y = 2. 

145. Let or, xy, and xy* && the three nambers. 

X -{-xy '\- xy^^b2 a) 

« + a:y* : a^y : : 10 : 36 .ij 

1 + y'lxy' ::10:36 



From 0), 
whence, 





(l+y036 


X ~~ 


52 52 




i + y + y-'CH- »*) + >' 




26 _ (1 + j/»)18 



(1 + y*) + y io»» 

260y' - 18(1 + yO* + 18y(l + y^ 
f8I2) 
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This is an equation of a higher degree which the pnpil haF 
not yet learned to solve, therefore we must take some othe? 
solution. 

Let x*f xy^ and y', represent the numbers. 
Then, a?' + a;y + y» = 52; a) 

and, ic* + y* : acY : ; 10 : 36. (a) 

From (1) we obtain a:* + y' = 52 — xy^ and this vame of 
a;* + y* substituted in (2), produces, 

b2 — xy I icy : : 10 : 86 ; 
whence, 10j;*2/' == 52 X 36 — Z^xy 

5xy + Uxy == 26 X 36 

20 X 5xy + ( ) + 18' = 20 X 26 X 36 + IS* = 19044 ; 

lOay + 18 = 138 ; and xy = 12, the middle term 
Now, from (i) we obtain 

aj« + y« = 40 ; 'I Adding and subtracting, and equate 
also, 2xy = 24. J ing square roots, and 

a: + y = ± 8 -I r cc = 6, or 2 ; x» = 4, or 36. 

a: — y=±4 J ^°^^'\t/.= 2,or6;y' = 36,or 4 



146. Let a;, xy^ and xy*, represent the numbers. 
Then ar'y' = 1 ; whence, ary = 1, the middle number. 
Whence, by the 2d condition, 

X — 1:1 — ary* ; : 1 : 3 

3a; — 3 = 1— cry'. 
But, xy* s= y ; because ary = 1. 

That is, 3aj — 3 = 1 — y 

3x + y = 4. 

(812) 
P 
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Multiply by x, and 3x* + ay = 4^: ; 
that is, *6x* — 4x = — 1 

36x«— ( )+ 16 = 16 — 12 = 4 

6x — 4 = d=2; a; = l, or J. 

• 147. Let 05, xy, Tt/*. represent the numbers. 
Then 6x, 2xy^ ana xy , are in arithmetical progression. 
Whence, Sx -^ xy^ = 4xy. 

Divide by a;, 3 + j^z=z4y; whence, y = 3. 

Again, j? •• xy + 8 •• j?t/*, form an arithmetical pro- 
gression. 

Whence, x + xy^ = 2xy + 16. 

But y = 3 ; therefore, 10a? = 6j? -r 16, 4a? = 16, x =-- 4, 
ike first term 

(Mi) 
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